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This  study  was  designed  to  investigate  what  factual  and  conceptual 
knowledge  is  recalled  by  students  who  have  completed  a course  in  high 
school  geometry.  Question  stems  served  as  stimuli  to  which  students  had 
to  produce  a response.  Thirty-eight  items  were  presented  both  verbally 
and  figurally  and  included  the  areas  of  rigid  motion  or  triangular 
items,  dilation  motion  or  items  on  similarity  and  parallelism,  circles 
and  their  properties,  and  formulae.  The  data  were  taken  from  the 
Prerequisite  Facts  Test  (PFT)  that  was  composed  and  utilized  by  the 
staff  of  the  Geometry  Problem  Solving  Project  (GPSP),  NIE-G78-0225.  The 
questions  on  this  instrument  represented  the  conceptual  knowledge  con- 


Since  repeated  measures  were  observed  on  each  student  a split 
variance  was  utilized.  Data  obtained  on  240 


plot  design/analysis  of 


students  from  nine  high  schools  in  four  different  regions  of  the  United 
States  were  analyzed  by  SAS,  SPSS,  and  BIOMED  programs.  The  General 
Linear  Models  option  produced  analyses  of  variance  and  regression  equa- 
tions for  both  the  total  population  sampled  and  the  population  scoring 
in  the  upper  quartile  on  the  Prerequisite  Facts  Test. 

Statistical  analyses  revealed  that  students,  overall,  recall 
the  least  information  on  circular  items  and  that  the  figural  presentation 
of  the  question  stems  elicits  more  correct  responses  than  the  verbal 
presentation.  A mode  by  content  interaction  was  observed  for  the  total 
population  but  not  for  the  population  scoring  in  the  upper  quartile. 

This  population  recalled  information  equally  in  both  modes  of  presen- 
tation. Both  populations  recall  the  most  information  on  rigid  motion 
or  triangular  items. 

The  Prerequisite  Facts  Tests  and  problem  solving  protocols  of 
16  students,  whom  the  investigator  interviewed  directly,  were  examined 
to  generate  hypotheses  for  future  research  related  to  accuracy  of 
recall,  metacognitive  responses,  and  success  in  problem  solving. 


CHAPTER  ONE 
INTRODUCTION 


Although  a profusion  of  geometric  topics  has  been  generated 
over  the  past  150  years,  most  people  In  this  country  still  view  geometry 
as  a course  in  the  traditional  Euclidean  light.  The  notion  that  it 
is  a subject  consisting  mostly  of  a logical -deductive,  proof-oriented 
system  is  somewhat  incomplete,  however,  A few  of  the  more  recent 
geometry  texts  are  attempting  to  modify  and  enhance  the  subject  by 
emphasizing  a different  perspective.  The  opening  lines  of  the  teachers' 
edition  of  one  currently  available  book  state. 

Geometry  is  quite  clearly  a visual  subject  but  in  the 
past  its  visual  aspects  have  served  only  as  a tool  to 
develop  proof.  ...  A geometry  course  that  emphasizes 
written,  formal  proofs  may  make  excessive  demands  on  the 
left  hemisphere  (of  the  brain)  to  the  possible  detriment 
of  the  right.  (Hoffer,  1979,  p.  75) 

The  definition  of  geometry  given  by  L'Grande  Encyclopedia  and  cited  by 
Werdelin  (1962)  also  alludes  to  the  visual  aspect  of  geometry. 

Geometry  is  the  study  of  the  grandeur  and  the  form  of 
material  objects  and  abstractions  made  of  their  very 
essence,  (p.  63) 

Hence,  one  aspect  of  geometry  concerns  itself  with  material  or  concrete 
objects.  This  is  translated  into  visual  representations  of  the  concrete, 
such  as  figures  or  diagrams,  in  instruction.  The  other  aspect  of 
geometry  is  concerned  with  the  structure  of  proof  and  the  logical- 
deductive  nature  of  geometry;  the  abstraction  of  the  material  objects 
on.  This  is  translated  into  the  verbal  statements 


of  the  definite 


diagrams 


of  definitions  and  general  theorems.  Both  the  words  and 
pictures  are  tools  available  for  the  teaching  and  learning  of  geometric 
concepts . 

Verbal  and  Visual  Encoding 

Just  as  geometry  has  both  a visual  and  verbal  component,  so 
human  memory  has  the  ability  to  store  information  in  pictures  as  well 
as  in  words  (Paivio,  1974).  Indeed,  a popular  mnemonic  for  remembering 
a grocery  shopping  list  involves  imagining  a path  from  a house  to  the 
supermarket.  Needed  items  are  envisioned  as  placed  along  the  path  at 
designated  places;  by  the  streetlight,  at  the  flower  garden  or  near 
the  fire  station.  As  the  shopper  mentally  traverses  the  path,  he/she 
"stops"  to  collect  the  groceries  and  completes  the  round  trip.  The 
written  or  verbalized  list  of  items  is  stored  in  memory  as  pictures 
which  are  more  easily  envisioned  and  remembered.  If  the  adage,  a pic- 
ture is  worth  a thousand  words,  is  appropriate  in  this  task  of  memory, 
it  surely  is  in  a task  involving  recall  of  geometric  facts  and  concepts. 
The  very  nature  of  geometry  entails  the  use  of  figures  and  diagrams 
to  represent  the  physical  and  abstract  ideal. 

Concept  Translation  across  Modes  of  Representation 
While  students  may  be  Instructed  by  the  verbal  representation 
of  geometric  concepts,  information  that  is  encoded  can  be  stored  in 
memory  in  that  same  mode  or  translated  into  another,  such  as  the 
pictorial  (Rock  & Englestein,  1959).  Since  translation  into  a different 
representational  system  is  one  way  a student  can  deepen  hi  s/her 


understanding  of  a concept,  the  ability  to  encode  the  visual  form 
for  the  verbal  and  the  verbal  for  the  visual  is  one  that  should  be 
highly  desired.  In  a study  by  Clarkson  (1978),  high  school  algebra 
students  were  required  to  translate  within  and  across  pictorial, 
symbolic,  and  verbal  modes.  A majority  of  the  students  could  complete 
tasks  within  a given  mode  but  only  about  one-fourth  of  them  were  suc- 
cessful in  translating  across  modes.  The  one  exception  occurred  when 
the  tasks  were  presented  pictorial ly  and  required  a verbal  response. 

In  this  case,  46%  of  the  students  were  able  to  successfully  complete 
the  task.  Other  studies  have  reported  similar  results  of  success  in 
using  pictures  to  coranunicate  conceptual  knowledge  and  facts  and  elicit 
their  recall  (Sherill,  1970;  Campbell,  1978;  Elman,  1978). 

The  ability  to  translate  within  and  across  different  modes  or 
representational  systems  appears  to  be  an  important  component  of 
the  ability  to  use  concepts  in  problem  solutions.  Clarkson  (1978) 
found  that  although  students  experienced  some  difficulty  in  trans- 
lating across  modes,  those  who  reached  criterion  on  all  translation 
skills  scored  higher  on  a problem-solving  posttest  than  those  who  did 
not.  Indeed,  visualization,  imagery,  and  the  ability  to  think  in 
"wordless  images"  has  played  a major  role  in  the  problem-solving 
process  of  many  creative  mathematicians  and  scientists.  That  thought 
can  be  accompanied  by  concrete  representations  other  than  words  was 
suggested  by  Hadamard  (1954)  in  his  discussion  of  the  role  played  by 
images  in  thinking.  Geometric  thinking,  in  particular,  appears  to  be 
at  least  partly  dependent  on  the  ability  to  think  in  spatial-visual 


(Werdelin,  1961; 


i;  Kantowskl,  1977;  Elman,  1978). 


Thus,  while  visual  and  verbal  memories  may  be  viewed  as  storehouses 
of  possible  responses  for  stimuli  designed  to  elicit  recall  of  factual 
and  conceptual  knowledge,  they  may  also  be  seen  as  influences  that 
direct  the  approaches  used  in  problem-solution  attempts. 

Memory  of  Factual  Knowledge  and  Problem  Solving 
Proficiency  in  problem  solving  continues  to  be  a primary  goal 
of  all  mathematics  instruction.  The  National  Council  of  Teachers  of 
Mathematics  (1980)  lists  problem  solving  first  among  their  suggestions 
for  school  mathematics  curricula  to  emphasize  in  the  1980s.  Yet 
strategies  or  processes  of  problem  solving  cannot  be  taught  if  the 
facts  and  concepts  are  not  known.  Witness  the  frustration  depicted 
In  the  following  rhyme: 

It's  Crhistmas  Eve  and  there  you  sit 
With  screwdriver,  h aimer , and  "the  kit" 

Filled  with  nuts  and  bolts  and  stuff. 

Blueprints,  designs  and  if  that's  not  enough 

You  hear  the  chimes  and  fill  with  despair 

It's  3 fl.M.,— St.  Nick  will  be  there 

But  the  holes  are  too  many,  or  the  holes  are  too  few 

The  bolts  don't  fit— what  will  you  do? 

Solving  a complex  mathematical  problem  can  be  likened  to  this  situa- 
tion. One  may  have  available  all  the  necessary  component  parts,  the 
definitions  and  theorems,  and  still  not  be  able  to  assemble  them  in 
such  a fashion  as  to  come  up  with  the  finished  product,  a solution.  On 
the  other  hand,  one  may  have  lost  or  misplaced  some  of  the  necessary 
parts  and  still,  by  some  deft  manipulation,  stumble  across  a path  that 
leads  to  solution.  Just  as  the 


doll  house  cannot 


without  any  nuts  or  bolts  to  fasten  it,  so  a successful  problem- 
solving strategy  cannot  be  applied  without  any  content  to  anchor  it. 
This  study  was  primarily  interested  in  investigating  what  specific 
content  students  recall  from  both  verbal  and  visual  memories  after 
completing  a course  in  Euclidean  geometry. 

Need  to  Recall  Facts  from  Both  Memories 
The  mode  in  which  students  encode  concepts  can  affect  what 
specific  information  is  recalled.  Students  who  are  instructed  mainly 
by  the  verbal -symbolic  representation  of  the  concept  may  only  be  able 
to  respond  with  words  from  rote  memory.  Similarly,  concepts  encoded 
on  the  semi -concrete  or  pictorial  level  may  only  call  to  mind  specific 
images  with  all  the  limitations  of  the  particular.  Since  stimuli 
related  to  the  same  concept  presented  both  verbally  and  figurally 
produce  an  additive  effect  on  recall,  students  who  encode  concepts  in 
both  modes  should  remember  more  information  than  those  who  do  not 
(Paivio,  1974).  If  students  have  Internalized  geometric  concepts  that 
have  been  developed  through  the  iconic  and  symbolic  levels,  they 
should  be  able  to  respond  with  accurate  factual  information  to  both 
presentations  (Brunner,  1969).  Thus,  students  who  can  produce 
accurate  responses  to  verbal  and  figural  stimuli  are  expected  to 
score  higher  on  a test  of  factual  knowledge  than  those  who  cannot. 

This  study  was  concerned  with  comparing  the  responses  given  to  both 
types  of  stimuli  by  the  total  population  sampled  and  by  the  sub- 
population scoring  in  the  upper  quartile  on  a test  of  geometric  facts 


of  Accuracy  of  Recall 


All  students,  at  one  time  or  another,  have  experienced  the 
"tip-of-the-tongue"  syndrome  where  a definition  or  theorem  is  almost 
completely  produced  but  some  aspect  of  the  concept  cannot  quite  be 
recalled.  If  an  individual  is  aware  that  a fact  is  known,  he/she 
may  be  more  apt  to  continue  the  search  for  the  appropriate  coding 
label  to  retrieve  the  information  than  if  they  think  they  do  not  know 
it.  Factual  information  that  has  been  encoded  in  long-term  memory 
and  known  to  be  so  by  the  learner  can  produce  a persevering  effect  on 
the  Individual’s  search  of  memory  banks.  Kantowski's  study  (1974) 
showed  that  students  who  recalled  geometric  concepts  were  more  likely 
to  use  them  in  problem-solution  attempts  than  students  who  did  not, 
even  though  the  students  in  her  study  had  reference  sheets  of  the 
needed  facts  available  to  them.  This  study  was  also  interested  in 
generating  some  hypotheses  concerning  the  accuracy  of  recalled  informa- 
tion and  the  learner's  metacognitive  perception  of  how  that  knowledge 
was  stored  and  retrieved  from  memory. 

Overview  of  the  Study 

The  major  purpose  of  the  investigation  was  to  examine  what 
specific  geometric  content  is  remembered  by  high  school  students  who 
have  completed  a course  in  Euclidean  geometry,  both  by  the  total 
population  sampled  and  the  sub-population  consisting  of  those  students 
who  scored  in  the  upper  quartile  on  a test  of  factual  knowledge.  The 
factual  responses  given  to  verbal  and  figural  memories  were  examined 
and  compared  for  both  of  these  samples.  Data  were  also  investigated 


to  generate  some  hypotheses  regarding  the  accuracy  of  recalled  factual 
information  and  the  student's  awareness  of  how  that  information  was 
coded  and  stored  in  memory.  To  be  aware  that  a fact  is  retrievable 
by  some  label  from  long-term  memory  is  different  from  not  knowing  the 
fact.  The  key  to  retrieving  the  concept,  in  the  former  situation, 
is  to  ranember  the  coding  clue  by  which  the  information  was  labeled 
and  organized  for  storage  in  memory.  In  the  latter  case,  the  concept 
was  never  formed;  a search  for  labels  needed  for  retrieval  will  only 
produce  cells  empty  of  content.  If  the  Individual  knew  that  the  fact 
was  unknown  additional  information  could  have  been  sought  and  processed 
for  storage  instead  of  scanning  memory  banks  in  an  unproductive  search. 

The  theoretical  framework  for  the  Investigation,  presented  in 
the  next  chapter,  is  based  on  an  eclectic  collection  of  theories  of 
memory  including  a model  of  its  operation  and  a discussion  of  its 
subcomponents.  The  memory  components,  both  verbal  and  visual  as  well 
as  long-term,  short-term,  and  external,  accommodate  and  store  the 
factual  knowledge  needed  in  problem-solution  attempts.  Since  the 
way  in  which  concepts  are  processed  and  encoded  affects  what  specific 
Information  is  retrieved  from  verbal  and  visual  memories,  various 
theories  on  the  operation  of  both  systems  are  presented. 

The  rationale  for  generating  hypotheses  concerning  the 
learner's  perception  of  how  factual  knowledge  is  stored  in  his/her 
memory  is  largely  based  on  an  information  processing  model  of  cogni- 
tion in  which  all  components,  including  memory,  interact  simultaneously 
and  continuously  instead  of  sequentially  in  a hierarchical  fashion. 


The  executive  component,  in  this  model,  monitors  all  decisions  and 
directs  the  system  to  continue  a search  of  memory  banks  or  to  return 
to  the  input  stimulus  for  further  processing  of  information.  The 
individual's  metacognitive  judgment  about  the  size  and  condition  of 
his/her  own  information-processing  system  influences  how  efficiently 
memory  banks  are  scanned  and  monitored. 

The  data  analyzed  in  this  study  were  taken  from  that  collected 
by  the  Geometry  Problem-Solving  Project,  NIE-G78-0225.  While  the 
project  used  a prerequisite  facts  test  score  as  a global  measure  to 
help  determine  possible  participants  for  its  study,  this  investigation 
analyzed  scores  in  particular  content  areas  to  determine  what  specific 
factual  and  conceptual  information  is  recalled  by  students,  from 
both  verbal  and  visual  memories.  The  test  of  factual  and  conceptual 
knowledge,  the  Prerequisite  Facts  Test  (PFT— Appendix  A),  presented 
eliciting  stimuli  on  the  same  geometric  content  in  both  verbal  and 
figural  modes  and  asked  students  to  complete  the  task  with  a response. 
The  question  stems  represented  the  conceptual  knowledge  taught  in  a 
high  school  course  in  Euclidean  geometry  and  included  content  from 
four  areas: 

Rigid  motion  or  triangles 

Dilation  motion,  or  similarity,  and  parallelism 

Five  metacognitive  categories  were  also  presented.  Students  were  asked 
to  Indicate  which  one  most  accurately  described  the  way  in  which  the 


information  was  recalled  from  memory.  Responses  given  to  the  content 
questions  on  the  Prequisite  Facts  Test  provide  the  data  for  the  study. 
These  were  obtained  from  240  students  at  nine  high  schools  located 
in  four  different  regions  of  the  United  States.  Of  the  240  students 
in  this  sample,  72  scored  in  the  upper  quartile.  The  responses  from 
both  samples  were  analyzed  for  accuracy,  content,  and  mode  of  presen- 
tation of  the  question  stem.  A sample  of  data  was  also  examined  to 
generate  hypotheses  concerning  the  recall  of  geometric  concepts  and 
the  learner's  perception  of  how  that  information  was  retrieved  from 
memory. 

Goals  of  the  Study 

The  goals  of  the  study  included  answering  the  following 
general  questions  concerning  the  modes  of  presentation  of  a recall 
stimulus,  verbal  and  figural,  and  the  factual  knowledge  recalled  in 
specific  content  areas  of  geometry: 

1.  Do  students  recall  the  same  factual  and  conceptual 
Information  when  the  presentation  mode  of  the 
question  is  verbal  as  when  it  is  figural? 

2.  Oo  students  recall  more  information  about  one 
area  of  geometry,  such  as  triangles,  than  they 
do  about  another  area,  such  as  circles? 

3.  Does  the  mode  of  presentation  of  the  eliciting 
question  stem  affect  the  accuracy  of  the  recalled 


4.  Are  ther 


jrences  between  the  content 


scores  of  the  population  scoring  in  the  top  quartile 
on  a test  of  factual  knowledge  and  the  total  popula- 
tion sampled? 

5.  Hhat  hypotheses  for  future  research  can  be  generated 
concerning  the  accuracy  of  recalled  factual  knowledge, 
the  learner's  perception  of  how  the  information  was 
retrieved  from  memory,  and  success  in  problem 
sol ving? 

Hypotheses  of  the  Study 

The  hypotheses  tested  in  this  study  were  generated  from  the 
four  questions.  These  are 

H I:  For  the  total  population  there  is  no 

difference  between  the  total  mean  scores 
on  the  Prerequisite  Facts  Test  (PFT)  for 
the  Verbal  and  Figural  groups. 

H02:  For  the  population  scoring  in  the  upper 
quartile,  there  is  no  difference  between 
the  total  mean  scores  on  the  Prerequisite 
Facts  Test  for  the  Verbal  and  Figural 
groups. 

H03:  For  the  total  population,  there  is  no 
Interaction  between  the  four  content 
areas  and  the  two  presentation  modes. 


For  the  population  scoring  in  the 


upper  quartile,  there  is  no  interaction 
between  the  four  content  areas  and  the 

H 5:  For  each  of  the  content  areas  and  mode 
of  presentation  there  is  no  difference 
in  the  mean  scores  obtained  by  the  total 
population  and  the  population  scoring  in 
the  upper  quartile. 

The  hypotheses  were  examined  by  obtaining  item  analyses, 
frequency  distributions,  regression  equations  and  ANOVA  tables  from  the 
data  generated  by  a sample  of  240  students  in  four  different  regions  of 
the  United  States:  Hays,  Kansas;  Miami,  Florida;  Gainesville,  Florida; 
and  Atlanta,  Georgia.  All  students  had  completed  a course  in  high 
school  geometry. 

The  data  investigated  to  generated  hypotheses  for  future  research 
were  obtained  from  16  students  who  attended  high  schools  in  Gainesville, 
Florida.  For  these  students,  individual  interviews  were  held  while  they 
solved  non-routine  problems.  Their  solutions  were  audio-taped  and 
subsequently  scored  for  factual  knowledge  recalled,  learner  perception 
of  how  that  information  was  retrieved  from  memory,  and  accuracy  of  problem 
solutions. 


Definition  of  Terms 

The  following  are  some  terms  that  are  used  throughout  the  manu- 
script. They  are  defined  and  collected  here  for  reference: 


12 


cognition- 


the  diagrammatic  form  of  a concept  that 
represents  an  aspect  of  the  visual  compo- 
nent in  geometry;  the  question  stems  on 
the  Prerequisite  Facts  Test  that  use 
pictures  and  diagrams  to  elicit  response. 

the  word  definition  of  a concept  that 
represents  the  logi co-deductive  component 
of  geometry;  the  question  stems  on  the 
Prerequisite  Facts  Test  that  use  words 
to  elicit  response. 

the  mental  process  by  which  knowledge  is 
acquired;  the  responses  given  on  the 
Prerequisite  Facts  Test  represent  the 
factual  knowledge  an  individual  has 
learned. 


- a mental  process  that  transcends  cognition; 
the  individual 's  awareness  of  how  facts 
and  concepts  are  retrieved  from  memory; 
the  five  categories  on  the  Prerequisite 
Facts  Test  represent  the  student's  percep- 
tion of  how  knowledge  is  recalled. 


Organization  of  the  Remainder 
of  the  Dissertation 

The  second  chapter  contains  the  theoretical  framework  and  a 
review  of  related  research  supporting  the  study.  This  includes  a 
detailed  discussion  of  memory,  its  function  in  an  information-processing 
model  of  cognition,  and  evidence  for  the  existence  of  verbal  and  visual 
components  of  memory.  Also  included  is  a discussion  of  concept  formation 
and  the  way  in  which  verbally  and  visually  presented  information  may  be 
coded  for  storage  in  long-term  memory.  The  third  chapter  presents  a 
description  of  the  subjects,  the  composition  of  the  instrument,  the 
methodology  and  design  of  the  study,  and  the  results  of  a pilot  study 
analysis.  The  analyses  and  interpretation  of  the  data  for  the  present 


study  are  given  in  Chapter  IV.  Chapter  V includes  a summary  of  the 


investigation,  a discussion  of  results,  limitations  of  the  study, 
implications  for  instruction,  and  suggestions  for  future  research. 


CHAPTER  TOO 
THEORETICAL  BACKGROUND 
AND  RELEVANT  RESEARCH 

Theoretical  Background 

This  section  presents  several  theories  concerning  the  existence 
of  verbal  and  visual  memories  as  well  as  the  manner  in  which  concepts 
may  be  encoded  in  each.  Since  memory  plays  a primary  role  in  the 
complex  task  of  problem  solving,  an  information-processing  model  of 
cognition  in  which  memory  is  an  integral  component  is  first  discussed. 
Retrieval  of  information,  in  this  model,  is  directly  related  to  the 
coding  scheme  developed  in  the  process  of  storing  the  information. 

Thus,  various  theories  related  to  concept  formation  and  the  storage  of 
information  in  memory  are  also  examined. 

The  Role  of  Memory  in  Earley ^ 

The  explanation  of  cognitive  behavior  in  the  early  information- 
processing models  postulated  a hierarchy  of  sequentially  performed 
processes  in  humans  analogous  to  the  computer  processes  of  encoding, 
storing,  and  retrieving.  Regardless  of  the  particular  information- 
processing model  employed,  there  was  agreement  that  man  and  computer 
shared  the  common  components  of  an  input-output  device,  a central 
processor,  and  a memory  bank.  The  concept  of  cybernetics  contributed 
the  idea  that  peripheral  processing  occurs  before  processing  in  the 
central  computer  and  that  temporary  working  memories  interact  with  more 


lasting  core  storage  memories  (Weiner.  1948).  Memory,  then,  not  only 
Is  something  that  mediates  between  stimulus  and  response  but  also  is 
the  result  of  an  interaction  between  different  memories  and  hence,  a 
function  of  the  programmed  rules  and  strategies  involved.  In  this 
view,  the  human  information  processor  with  a repertoire  of  strategies 
stored  in  long-term  memory  and  appropriate  stimulus-response  links  in 
working  or  permanent  memories  is  better  equipped  to  solve  a complex 
problem  than  another  information-processing  system  in  which  one  of  the 
components  is  either  nonexisting  or  operating  at  less  than  optimal 

While  all  information-processing  models  initially  included  the 
same  basic  components,  the  function  and  differentiation  of  these 
components  continued  to  change  with  more  available  information  to 
enrich  the  analogy.  In  the  late  1950s,  for  example,  memory  was  con- 
sidered a relatively  undifferentiated  unitary  system;  in  the  early 
1970s,  it  was  viewed  as  a dichotomous  system  made  up  of  an  acousti- 
cally based  short-term  store  and  a more  durable  semantically  based 
long-term  store  (Baddeley,  1976).  Current  information-processing 
models  reflect  the  position  that  even  the  assumption  of  a two-stage 
memory  is  an  oversimplification  (Conrad,  1972;  Baddeley  & Hitch,  1974). 
The  concepts  of  working  memory  (Greeno,  1973),  the  effect  of  memory 
on  perception  (Riley,  1962),  the  existence  of  visual  (Sperling,  1963; 
Coltheart,  1972),  auditory  (Massaro,  1972),  tactile  (Hill,  1974), 
olfactory  (Engen  & Ross,  1973),  and  kinesthetic  (Keele  & Ells,  1972) 
memory  systems  have  all  been  investigated. 


fiica)  Model 


The  information-processing  model  depicted  below  shows  the  power 
of  a heterarchical  system,  a term  cited  by  Baddeley  (1976)  as  having 
been  coined  by  artificial  intelligence  theorists.  It  was  adapted  and 
developed  by  the  Mathematical  Abilities  Project  at  the  University  of 


Within  this  model,  all  of  the  different  components  may  interact 
simultaneously  and  continuously  instead  of  sequentially,  stepwise  in 
a heirarchical  fashion.  The  influence  of  the  Gestalt  position  is  re- 
flected in  the  way  in  which  input  to  the  system  occurs,  as  a function 
of  both  the  perception  and  memory  components.  Once  the  input  or 
stimulus  is  absorbed  into  the  system,  the  executive  calls  up  programs 
from  memory  and  then  has  the  program  processed  by  the  central  processor 


where  it  may  either  be  directed  by  the  executive  to  exit  the  system  or 
return  to  another  area  for  further  processing.  The  executive  component 
monitors  all  processing  and  controls  such  affective  variables  as  motiva- 
tion and  Interest  (Kilpatrick,  1979). 

Since  a stimulus  enters  the  system  as  a combination  of  the 
memory  and  perception  components,  and  since  perception  is  Influenced 
by  memory  and  its  organization,  the  memory  component  serves  as  an 
integral  and  critical  part  of  the  process,  not  just  as  a databank  or 
storehouse  of  factual  and  conceptual  knowledge.  Memory  may  well  be 
the  most  influential  component  of  response  generation.  In  this  light 
we  look  at  memory  more  closely. 

A Model  of  Memory 

As  a component  of  the  information-processing  model,  memory  can 
be  considered  the  result  of  an  Interaction  and  compilation  of  some 
of  its  own  subcomponents.  A working  model  proposed  by  Greeno  (1973) 
and  adapted  by  Mayer  (1977)  illustrates  the  role  of  task  perception, 
short-term  memory  (STM),  working  memory  (WM),  and  long-term  memory 
(LTM).  In  this  model,  a perceived  task  enters  first  into  short-term 
memory  where  the  legal  operators  as  well  as  the  initial  state  and  goal 
state  of  the  problem  are  defined.  All  this  enters  working  memory 
where  the  construction  of  links  between  givens  and  unknowns  are 
established  based  on  information  from  past  experiences  contained  in 
long-term  memory.  The  arrows  coming  back  into  short-term  memory  suggest 
that  more  information  is  needed  from  the  outside  world  about  the  per- 
, as  described  by  the 


of  selective  attending. 


Gestalt  theory  of  differentiating  figur 


ground. 


While  this  model  of  task  completion  adequately  describes  a 
solution  process  to  a task  in  which  the  legal  operators,  initial  state, 
and  goal  state  can  be  described,  it  does  not  address  the  issue  of  more 
complex,  nonroutine  problem  solving  in  which  these  components  cannot 
totally  be  defined.  The  notions  of  data-driven  or  button-up  processing 
versus  concept-drive  or  top-down  processing  help  clarify  this  distinc- 
tion (Norman,  1976).  In  the  case  of  data-driven  processing,  the 
individual  attends  to  more  and  different  aspects  of  the  input  in  an 
attempt  to  organize  impressions  into  a concept  that  unifies  the  various 
components  perceived.  In  the  case  of  concept-driven  processing  what  is 
needed  in  terms  of  a connection  is  known  and  then  sought  by  scanning 
the  databanks  contained  in  long-term  memory.  Concept-driven  processing 
accurately  describes.  It  is  appropriate  when 
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the  task  is  of  the  type  that  Polya  (1962)  calls  the  one-rule-under- 
your-nose  task,  an  exercise  rather  than  a problem. 

Memory  and  Problem  Perception 

A problem  is  only  a problem  when  the  way  to  solve  it  is  not 
known  by  the  problem  solver,  otherwise  it  is  an  exercise  (Kantowski, 
1974).  If  a textbook  "problem”  at  the  end  of  a chapter  on  area  is 
given  as 

“Circle  R has  a diameter  of  12  cm,  find  its  area," 
it  clearly  is  an  excerise  for  the  student  who  remembers  the  relation- 
ship between  the  area  of  a circle  and  its  diameter  or  between  diameter 
and  radius  and  radius  and  area.  The  working  memory  component  of 
Greeno's  model  would  be  concept-driven  to  establish  a link  between 
diameter  and  area  of  a circle.  If  that  relationship  was  not  found  In 
one  of  the  memory  banks,  long-term  memory  may  transfer  to  working 
memory  a relationship  between  area  of  a circle  and  its  radius  where- 
upon a match  between  radius  and  diameter  would  be  sought.  This  mechani- 
cal matching  procedure  results  in  the  application  of  either  of  the 
area  relationships,  both  of  which  are  algorithms.  If,  however,  the 
following  standard  Scholastic  Aptitude  Test  problem  is  given,  the 
situation  is  more  complex: 


ABCD  is  a rectangle  inscribed 
in  the  first  quadrant  of  circle 
0;  SC  is  5 cm,  DC  is  3 cm,  find 
the  area  of  the  circle. 
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If  working  memory  seeks  to  establish  a link  between  the  diameter  of  a 
rectangle  and  the  area  of  a circle  and  finds  none,  the  concept-driven 
process  may  be  terminated.  The  system  operating  in  a data-driven 
mode,  on  the  other  hand,  could  return  to  the  original  input,  held  in 
short-term  memory,  to  continue  the  process  of  selective  attending  to 
the  particular  details  of  the  problem.  If  a memory  bank  contained 
the  stimulus-response  link  between  radius  and  area  of  a circle  as 
well  as  the  specific  heuristic  of  rotation  of  the  figure  or  its  com- 
ponent parts,  successful  problem  solution  may  quickly  ensue  and  the 
task  could  exit  the  system. 

Heuristics,  in  an  information-processing  model,  can  be  con- 
sidered rules  of  thumb  that  narrow  the  search  through  a problem  space 
(Kantowski,  1974).  They  can  be  general  enough  to  apply  to  all  types 
of  problems  or  content-specific  as  in  the  case  of  rotate  the  figure 
in  the  problem  cited  above.  Polya's  (1962)  suggested  heuristics  to 
understand  the  problem,  devise  a plan,  carry  out  the  plan,  and  look 
back  at  the  solution  can  be  extended  to  include  the  more  specific: 
draw  an  auxiliary  line,  look  for  symmetry  in  the  figure,  find  angles 
that  intercept  the  same  arc,  and  several  others.  That  there  is  a need 
to  teach  different  heuristic  approaches  specific  to  content  is  suggested 
by  Polya  when  he  states. 

The  quest  for  a universal  perfect  method  of  problem 
solving  has  no  more  succeeded  than  did  the  quest  for  the 
philosopher's  stone.  (1962,  p.  vi) 

As  a result,  there  is  a need  for  students,  not  only  to  study  the 
process  of  solution  but  also  to  solve  many  different  types  of  problems 
if  they  are  to  achieve  success  in  problem-solving  activities. 


Sternberg's  (1979) 


analysis  of  intelligence 


addresses  the  use  of  heuristics  which  he  calls  metacomponents.  He 
maintains  that  intelligence  should  be  analyzed  in  terms  of  components 
and  metacomponents  instead  of  the  traditional  factor  which  had  not 
contributed  much  Information  about  the  composition  of  human  intelligence. 
Components  are  the  facts  one  processes  when  actually  solving  a problem; 
metacomponents,  the  higher-order  cognitive  processes,  are  the  steps  one 
goes  through  when  trying  to  decide  how  to  solve  a problem.  He  gives 
the  following  as  an  example: 

Suppose  you  want  to  convert  drachmas  to  dollars  and  you 
know  that  a drachma  is  worth  about  three  cents.  You  need 
to  know  how  many  dollars  you  can  get  for  five  hundred 
drachmas.  Metacomponents  are  used  to  figure  out  how  to 

verted  into  its  dollar  equivalent,  then  multiplied  by 
five  hundred.  Components  are  used  to  actually  obtain  the 
solution,  .03  x $500. 

He  suggests  that  people  may  perform  relatively  poorly  on  tests  of 
problem-solving  either  because  they  don't  have  available  the  components 
(facts)  they  need  to  solve  problems  or  because  they  have  the  components 
available  but  don't  know  how  to  utilize  them;  i.e.— they  don't  possess 
the  necessary  metacomponents.  While  the  heuristic  or  metacomponent 
cited  by  Sternberg  in  this  example  may  be  a one-step-under-your-nose 
rule  for  some,  for  others  it  may  lead  to  the  Polya  heuristic,  devise 
a plan,  to  solve  a problem.  The  subjectivity  of  a problem-solving 
situation  is  a variable  that  allows  for  individual  differences  in  cog- 
nitive processes.  An  individual's  perception  of  a problem  is  a prime 


in  the  information-processing  model. 


Kantowski  (1974) 
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points  out  In  citing  Henderson  and  Plngry  0953  ),  what  Is  a problem 
for  one  may  be  an  exercise  for  another  and  a frustration  for  a third. 

Remembering  and  Forgetting 

Forgetting,  viewed  as  a weakened  association  between  stimulus 
and  response.  Is  not  possible  in  the  information-processing  position. 
True  forgetting  or  permanent  loss  of  Information  Is  a phenomenon 
associated  only  with  short-term  memory.  Information  that  has  reached 
long-term  memory  remains  stored  there;  the  inability  to  recall  the 
information  is  due  either  to  inadequate  coding  and  processing  or  to 
a failure  of  the  retrieval  mechanism.  Ellis  (1978)  explains  it  thus: 

Retrieval,  meaning  the  business  of  getting  things  out 
of  storage,  takes  on  a special  importance  for  those 
psychologists  who  emphasize  information-processing 
approaches.  The  focus  is  more  on  retrieval  than  on 
storage  with  these  approaches  because  retrieval  mechan- 
isms are  viewed  as  the  key  to  unlocking  memory,  (p.256). 

The  distinction  between  what  is  learned  and  what  is  recalled 
on  tests  of  memory  also  points  out  the  importance  of  the  coding 
process.  If  information  is  improperly  coded  and  stored  in  long-term 
memory,  a search  of  the  contents  of  this  data  bank  for  retrieval  of 
particular  information  will  produce  no  more  than  the  labels  stored  as 
a result  of  chunking.  Just  as  bits  of  information  are  chunked  into 
bytes  and  bytes  into  words  in  the  computer,  so  coding  occurs  by 
grouping  several  items  of  information  into  a concept  or  chunk,  label- 
ing or  naming  the  group,  and  storing  the  label.  Thus,  an  individual 
who  codes  all  theorems  of  chords  intersecting  in  a circle  as  the 


information 


angle  theorem.  If,  however,  his/her  memory  contains  the 
that  all  theorems  concerning  chords  intersecting  inside  or  outside  a 
circle  are  particular  applications  of  a more  general  theorem,  the 
retrieval  process  will  transfer  this  concept  into  short-term  memory 
for  Inspection  and  processing  of  the  particulars  by  working  memory. 

In  this  light  coding  and  recall  are  seen  as  two  faces  of  the  same 
coin.  The  more  factual  knowledge  or  components  an  invididual  can  chunk 
into  concepts  and  metacomponents  for  coding  the  easier  they  are  to 
recall.  Bruner's  (1969)  observation,  though  not  said  from  an 
information-processing  orientation,  is  nonetheless  appropriate, 

. . . organizing  facts  in  terms  of  principles  and  ideas 
from  which  they  may  be  inferred  is  the  only  known  way  of 
reducing  the  quick  rate  of  loss  of  human  memory,  (p-31). 

Concept  Formation  and  Recall 

Vygotsky's  (1962)  representation  of  concept  formation  is  also 
applicable  to  a discussion  of  the  memory  component  in  an  information- 
processing  model  of  cognition.  He  suggests  that  we  view  a concept  as 
a point  or  a position  on  a globe;  the  exact  location  of  the  concept  is 
determined  by  two  coordinates  corresponding  to  longitude  and  latitude 
in  geography.  One  of  the  coordinates  represents  a continuum  from  the 
most  abstract  form  of  the  concept  to  the  most  concrete.  The  other 
coordinate  refers  to  the  objective  content,  for  example,  chords  in  a 
circle.  The  intersection  of  the  coordinates  determines  all  the 
relationships  of  the  given  concept  to  others— its  coordinate,  super- 
ordinate, and  subordinate  concepts.  He  refers  to  this  position  of 


concept 


measure  of  generality, 


this  measure  to 


determine  which  of  the  intellectual  operatlons-comparison,  judgment, 
or  conclusion— can  be  performed  within  the  network  of  encompassed  con- 
cepts. The  executive  component,  in  conjunction  with  working  memory, 
performs  these  three  intellectual  operations  in  the  information- 
processing  model. 

A more  mechanistic  approach  to  concept  learning  is  the  one 
described  by  Artemov  (1975).  If  two  stimuli  are  presented  that  are 
identical  in  all  components  but  one,  the  response  that  the  first 
stimulus  evokes  may  be  the  same  as  the  second;  the  distinguishing  com- 
ponent becomes  invalent  in  the  second  stimulus  and,  hence,  generates 
the  same  response.  The  phenomenon  is  represented. 


The  first  two  situations,  since  they  generate  the  same  response,  are 
called  similar  situations  of  unification;  the  second  two  generate  dif- 
ferent, though,  inappropriate,  responses  and  are  called  similar  situa- 
tions of  disjunction.  If  we  apply  this  to  the  central  angle  and 
inscribed  angle  theorems,  we  could  consider  A and  B as  stimuli  with  the 
following  components: 


= circle 


d = vertex  at  center  d - vertex  on  circumference 

If  the  response  generated  by  both  stimuli  is  p.  or  the  measure  of  the 
arc  the  angle  subtends,  we  can  conclude  that  the  position  of  the  vertex 
of  the  angle  was  not  taken  into  account  by  the  student  when  a response 
was  made.  One  of  Artemov's  suggestions  to  amend  this  problem  is  to 
expose  students  not  only  to  what  is  similar  and  what  is  distinct  in 
the  two  situations,  but  also  to  establish  what  conditions  give  rise  to 
such  distinctions.  To  implement  this  suggestion,  in  conjunction  with 
an  information-processing  model  of  cognition,  what  could  be  chunked 
for  coding  Is  not  two  separate  theorems  but  the  general  concept  of 
stimulus  as  angle  measure  in  circles  and  the  response  as  one-half  the 
sum  of  the  intercepted  arcs.  When  the  match  between  short-term  and 
long-term  memories  is  made,  the  working  memory  component  would  attend 
to  the  detail  of  vertex  position  and  the  executive  component  would 
judge  the  appropriateness  of  the  product.  The  recalled  general  product 
would  be  superordinate  to  the  particular  applications  deemed  appro- 
priate by  the  executor. 

A Visual  Component  of  Memory 

The  most  intuitively  obvious  evidence  for  a visual  component 
of  memory  comes  from  the  ability  to  recall  information  that  we  would 
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have  great  difficulty  describing  in  words.  Both  a view  of  the  Grand 
Canyon  or  the  face  of  a friend  can  vividly  be  recalled  from  memory 
but  cannot  adequately  be  described  in  words.  The  ability  to  think  in 
visual  images  when  approaching  a problem  has  been  displayed  by  many 
creative  Individuals.  Hadamard  (’954)  cites  Aristotle,  Francis  Galton 
and  Alfred  Binet,  among  others,  as  authorities  on  the  role  played  by 
images  in  thinking.  Indeed  Einstein  revised  the  assumptions  on  which 
the  science  of  physics  had  been  built  as  a result  of  his  ability  to 
visualize  how  the  world  would  look  if  he  were  sitting  on  a light  beam 


The  work  that  Gordon  (1961)  has  done  on  synectic  theory 
provides  an  example  of  a solution  to  a problem  using  a similar  approach. 
Given  the  challenge  of  designing  a device  where  the  velocity  of  the 
entering  shaft  was  variable  while  the  velocity  of  the  exiting  shaft 
was  constant,  members  of  a committee  “entered"  an  imaginary  box  and 
visualized  the  operation  of  such  a device  using  their  own  bodies  as  a 
referent.  This  led  to  the  awareness  that  to  have  the  velocity  of  the 
exiting  shaft  constant  was  equivalent  to  having  the  size  of  one's 
feet  degenerate  to  zero.  A model  was  made  and  functioned  effectively, 
satisfying  the  given  conditions  of  variable  and  constant  velocities. 

The  use  of  one's  body  as  a frame  of  reference  is  similar  to  the 
kinesthetic  subfactor  that  emerged  when  Guilford  further  divided  his 
cognition  of  figural  systems  cell.  While  this  factor  may  not  be  a 
direct  application  of  the  ability  to  visualize,  rotate,  or  transform 
shapes  in  Euclidean  space,  it  may  be  part  of  a larger  cluster  of  spatial 


abilities  of  which  discriminating  perception  in  two-space  is  a part. 
Guilford's  model  will  be  discussed  more  fully  later  in  this  section. 

Paivio's  early  work  in  1971  led  to  his  well-known  dual  coding 
theory  that  posits  the  existence  of  separate  verbal  and  visual 
imagery  systems.  Central  to  this  theory  are  two  assumptions  of  inde- 
pendence and  interconnection.  Since  the  systems  function  independently 
of  each  other,  they  can  store  qualitatively  different  information  in 
memory.  Since  they  are  interconnected,  activity  in  one  can  elicit 
activity  in  the  other.  Thus,  figural  stimuli  can  produce  internal 
images  containing  much  detailed  information  that,  in  turn,  is  cor- 
roborated by  logic  and  words  from  the  verbal  system.  Translation 
between  systems  in  the  opposite  direction  may  not  be  as  readily  accom- 
plished. Especially  if  the  stimulus  is  not  a concrete  word  and  the 
connection  between  the  verbal  and  imaginal  systems  do  not  exist.  Words 
that  have  a concrete  image  act  directly  on  the  imagery  system  to 
initiate  activity.  Abstract  words  that  have  either  no  images  at  all 
or  obscure  ones  connected  with  them  restrict  activity  to  the  verbal 
system  and  a search  of  its  memory  banks.  Imagery,  in  this  orientation. 
Is  not  a static  process  producing  objects  to  be  passively  reviewed 
but  rather  an  active,  dynamic  process  that  is  capable  of  making  what- 
ever changes  are  needed  in  the  specific  image  to  transform  it  into 
the  abstract  ideal. 

The  work  of  Krutetskii  (19761}  on  mathematical  abilities  led 
him  to  conclude  that  the  presence  or  absence  of  the  ability  to  imagine 
mentally  the  position  of  a geometric  body  in  space  and  the  reciprocal 
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distribution  of  its  parts  (geometric  imagination)  determines  two 
basic  types  of  mathematical  abilities  in  students.  He  calls  them 
geometric  and  algebraic  abilities.  There  is  still  another  type  of 
ability  that  students  manifest  which  Krutetskii  terms  harmonicus. 

They  have  developed  spatial  concepts  but  can  solve  a number  of  problems 
without  the  support  of  visual  models.  From  his  extensive  work  he  con- 
cludes that  logic  and  reasoning  can  adequately  substitute  for  visuali- 
zation ability  (Kantowski.  1974). 

The  work  of  Chomsky  (1965)  differs  from  Krutetskii 's  on  this 
point.  While  Krutetskii  sees  the  existence  of  the  geometric  and 
algebraic  abilities  merged  into  a harmonicus  type  where  both  logic 
and  visualization  can  operate  to  solve  a problem,  Chomsky  views  language 
and  development  of  its  syntax,  though  central  to  human  intelligence, 
as  radically  cut  off  from  other  faculties  such  as  visual  perception. 

Encoding  and  Processing  Verbal  Information 

Chomsky  (1965)  originally  had  been  intrigued  by  how  native 
speakers  of  a language  can  recognize  Instantly  the  deep  differences  in 
meaning  between  sentences  that  appear  similar  on  the  surface  and  the 
Implied  synonymity  of  sentences  that  appear  vastly  different  in  their 
structure.  We  know  immediately  that  "John  is  easy  to  please"  is  unlike 
"John  is  eager  to  please,'1  and  "Mary  hit  Paul"  has  the  same  meaning  as 
"Paul  was  hit  by  Mary."  Observations  such  as  these  led  Chomsky  to 
conclude  that  every  group  of  words  used  to  form  an  utterance  has  both 
deep  and  surface  structure.  Surface  structure  allows  us  to  put  the 


together 


they  possess. 


property  of 


well-formedness.  Thus,  we  say  "Is  the  man  who  is  here  tall?"  not 
"Is  the  man  who  here  is  tall?"  Surface  structure  allows  us  to  group 
a particular  set  of  words  or  symbols  so  that  they  make  sense  together. 
Deep  structure,  on  the  other  hand,  is  derived  from  an  intricate  set 
of  rules  of  transformational  grammar  that  reveal  what  an  individual 
knows  and  Intends  to  coomunicate  about  the  meaning  of  the  words. 

The  process  of  encoding  and  recalling  verbal  material  from 
memory  is  variously  explained  by  theories  that  posit  different  types 
of  grammar.  The  existence  of  a finite  state  grammar  was  used  by  the 
stimulus-response  theorists.  In  this  view,  the  recall  of  a specific 
sentence  is  seen  as  a series  of  word-to-word  associations,  each  word 
acting  as  a stimulus  to  evoke  the  next.  This  is  the  simplest  type  of 
stimulus-response  association  with  no  mediational  intervention  except 
the  words  themselves.  The  meaning  of  a sentence.  In  effect,  has  no 
meaning.  Consider  the  example. 

They  are  eating  apples. 

How  is  this  sentence  to  be  interpreted?  Is  the  same  as 
They  are  apples  for  eating,  or 
It  is  apples  they  are  eating? 

Chomsky  (1965)  pointed  out  the  flaw  in  a finite  state  granmar 
explanation  by  examples  like  the  ones  cited  above  and  emphasized  the 
need  for  a more  encompassing  approach.  He  considered  the  notions  of 
phrase  structure  and  transformational  grammar.  In  a phrase  structure 
a tree  diagram  as  a hierarchy  of 


represented  by 


The  first  deep  structure  Interpretation  of 


ambiguous  apple 


sentence  is  diagrammed  below. 


The  second  interpretation  is  represented  in  deep  structure  as 


structure  occur.  If  these  two  sentences  could  be  described  by  the 
same  tree  diagram  they  would  be  said  to  have  the  same  surface  structure. 
Deep  structure  contains  the  individual's  coding  scheme  and  meaning 
attached  to  the  kernel  sentence  derived  from  a surface  structure  repre- 
sentation. This  is  what  is  stored  in  long-term  memory  by  the  indi- 
vidual. 

In  the  example  of  the  verbally  presented  stimulus, 
a central  angle  is  measured  by  . . ., 
deep  structure  respresentation  of  the  concept  may  greatly  alter  the 
response.  If  the  individual  coded  the  factual  knowledge  as 

the  measure  of  a central  angle  is  related 
to  the  measure  of  its  intercepted  arc, 

the  tree  diagram  shown  in  Figure  1 would  result.  The  same  tree  dia- 
gram illustrates  the  deep  structure  coding  of 

the  measure  of  a central  angle  is  measured 
by  the  measure  of  its  intercepted  arc. 

Since  both  of  these  representations  have  the  same  tree  diagram  and 
generate  the  same  surface  structure,  erroneous,  superfluous,  and  insuf- 
ficient information  can  only  be  detected  in  the  coding  of  the  deep 
structure  representation.  Confusion,  in  the  transformational  grammar 
generation,  could  be  minimized  if  the  superordinate  concept, 

an  angle  formed  by  lines  intersecting  Inside 
(outside)  a circle  Is  measured  by  one-half 
the  sum  of  the  measure  of  the  intercepted 


generality  of  this  concept  lies 
from  long-term  memory  it  would 
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be  transferred  to  the  semantic  component  of  working  memory  where  the 
executor  would  evaluate  the  location  of  vertex  position,  thus  generating 
six  subordinate  concepts. 

The  Nature  of  Visual -Spatial  Ability 

In  the  literature  on  spatial  ability,  just  as  in  that  of 
mathematical  ability,  one  finds  no  unitary  trait  defined;  rather,  vari- 
ous components  that  describe  aspects  of  the  abilities  are  discussed  in 
an  attempt  to  delimit  the  terms.  This  section  will  present  a brief 
look  at  what  visual -spatial  ability  means  to  different  researchers  and 
at  how  these  aspects  are  Identified  and  measured. 

Werdelin's  investigation  (1958)  into  the  nature  of  mathemati- 
cal abilities  yielded  one  visual  factor  which  he  labeled  S.  In  a later 
investigation  (1961),  designed  to  examine  the  space  factor  and  its 
relation  to  geometry  in  greater  detail,  he  analyzed  the  data  for  the 
high  school  boys  in  his  study  and  was  able  to  produce  a five-factor 
solution;  there  were  Verbal,  Numerical,  and  General  Reasoning  factors 
as  well  as  two  space  factors,  identifiable  now  as  Spatial  Relations 
and  Orientations  (SR-0)  and  Visualization  6iz).  The  difference  between 
the  first  factor.  Spatial  Relations  and  Orientation,  and  the  second 
factor.  Visualization,  is  that  in  Spatial  Relations  and  Orientation 
tests  the  figure  as  a whole  is  rigidly  transformed,  whereas  in  Visuali- 
zation tests  the  figure  is  broken  into  parts  and  the  parts  are  manipu- 
lated or  transformed.  The  labeling  of  these  factors  emerged  as  a 
result  of  the  synthesis  of  previous  work  on  the  spatial  factor  and  its 
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subcomponents  done  by  Michael,  Guilford,  and  Zlranerman  (1950).  Theirs 
was  an  attempt  to  combine  and  unify  the  various  factors  identified 
by  French  in  his  extensive  review  of  factor  analytic  studies  (1951). 

Guilford's  attempts  (1967)  to  fit  these  various  factors  into  a 
broader  frame  of  reference  resulted  in  his  well-known  three-dimensional 
structure  of  the  intellect  model.  Along  the  operation  of  the  intellect 
flat,  the  two  kinds  of  productive  thinking  operations  generate  new 
information  from  remembered  information;  convergent  thinking  results  in 
a conclusion  or  single  best  answer,  divergent  thinking  produces  ideas 
that  may  lead  to  several  conclusions  or  possible  answers.  This  dis- 
tinction is  similar  to  the  one  found  in  concept-driven  versus  data- 
driven  processing  in  an  information-processing  model.  A third  operation, 
evaluation,  is  the  ability  to  judge  the  appropriateness  of  the  product 
of  the  divergent  thinking  operations  on  the  specific  content,  similar 
to  the  function  of  Vygotsky's  superordinate  concept  position. 

The  Spatial  Relations  and  Orientation  and  the  Visualization 
factors  became  associated  with  products  resulting  from  the  intersection 
of  the  intellectual  operations  with  the  figural  content  plane.  The 
Cognition  of  Figural  Systems  cell,  CFS,  was  further  divided  into  three 
components:  visual,  auditory,  and  kinesthetic.  In  the  visual  sub- 
division, Cognition  of  Figural  Systems-Visualization  was  the  ability 
to  apprehend  visually  the  spatial  arrangement  of  objects  with  reference 
to  the  observer  and  to  each  other.  Thus,  the  Spatial  Relations  and 
Orientation  factor  became  identified  with  it.  Transformations  of 
figural  material,  according  to  Guilford,  involve  changes  in  sensory 


location,  or  in  arrangement  of  parts. 


quantities  or  qualities,  in 
Thus,  the  Visualization  factor  became  Identified  with  It.  The  proximity 
of  the  cognition  of  figural  systems  cell  and  the  cognition  of  figural 
transformation  cell  in  the  model  illustrates  the  nebulousness  of  the 
boundary  that  may  separate  them.  Since  they  differ  only  in  the  product 
dimension  a test  which  has  appeared  on  one  factor  may  satisfy  part 
of  the  description  of  another  factor.  Schonberger  (1976)  cites  the 
example  of  Spatial  Visualization  by  Guilford  and  Zimerman,  classified 
as  a Visualization  test  which  requires  the  subject  to  rotate  a whole 
clock  in  three-dimensional  space  and  notes  its  similarity  to  Thurstone's 
Cubes,  a Spatial  Relations  and  Orientation  test. 

In  an  information-processing  model  of  problem  solving,  the 
operations  of  intellect  are  carried  out  by  an  interaction  of  the  com- 
ponents. Cognition  is  accomplished  by  an  exchange  among  the  executive, 
central  processing,  and  memory  components  while  the  memory  component 
itself  retains  figural,  semantic,  and  symbolic  content.  Convergent 
thinking  occurs  when  a match  in  the  stimulus-response  chain  is  made; 
divergent  thinking  appropriately  seeks  all  possible  and  remotely 
plausible  associations  under  the  supervision  of  the  executor  where 
decisions  on  goodness-of-fit  and  evaluation  occur. 

Related  Research 

The  Existence  of  Verbal  and  Visual  Memories 

The  area  of  neuropsychology  provides  some  evidence  for  separate 
visual  and  verbal  memory  systems.  Data  that  were 


collected 
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patients  with  unilateral  damage  to  the  temporal  lobes  that  affect  the 
left  hemisphere  of  the  brain  showed  impaired  verbal  memory,  while 
right  temporal  damage  affected  memory  for  visual  material,  such  as 
designs  and  faces.  Amnesic  patients  also  contributed  data  that  support 
the  distinction.  These  patients  were  able  to  recall  a group  of  words 
associated  with  a category  classification  (e.g.,  cat,  dog,  horse,  zebra, 
buffalo)  but  were  unable  to  recall  a group  of  words  that  could  be 
associated  by  the  use  of  a visualizable  picture  (e.g.,  the  IRISHMAN 
gave  a PENNY  to  the  MONKEY  playing  a VIOLIN),  in  which  the  capitalized 
words  were  to  be  recalled.  However,  amnesic  patients  who  had  a verbal 
memory  deficit  attributable  only  to  left  hemispheric  damage  could  take 
advantage  of  an  imaging  mnemonic,  suggesting  that  visualization  is  an 
activity  of  the  functioning  right  hemisphere  (Milner,  1971). 

Paivio  (1974)  experimented  with  varying  the  physical  size  of 
actual  stimulus  items  to  be  compared  by  subjects.  A congruent  stimulus 
pair  presented  two  items  of  varying  sizes;  the  one  that  was  larger  in 
reality  was  pictured  larger,  for  example,  a large  picture  of  a zebra 
and  a small  picture  of  a cat.  An  incongruent  stimulus  pair  reversed 
the  process  so  that  one  item  might  present  a large  picture  of  a mouse 
and  a small  picture  of  an  elephant.  He  found  that  Incongruent  stimulus 
pairs  slowed  down  judgment  while  congruent  pairs  sped  it  up,  implying 
that  a visual-spatial  processing  system  was  somehow  used  in  the  size 
judgment.  However,  when  the  same  items  were  represented  as  words  in 
large  or  small  print,  no  such  effect  occurred. 
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Bartlett's  classic  work  on  memory.  Remembering  (1932)  con- 
tained a view  of  memory  that  is  being  reexamined  and  applied  by  cog- 
nitive and  information-processing  theorists  today.  He  wrote  in 
response  to  the  Ebbinghaus  tradition  which  he  criticized  on  the  grounds 
that  the  use  of  nonsense  material  created  a highly  artificial  situation 
and  that  repetition  habits  studied  in  a verbal  learning  laboratory  had 
little  to  do  with  memory  in  everyday  life.  Bartlett's  experiments  were 
aimed  at  investigating  the  retention  of  meaningful  material  such  as 
stories,  prose,  and  pictures.  He  often  used  the  method  of  serial 
reproduction  in  which  the  subject  would  attempt  to  recall  the  same 
material  on  several  occasions  over  time.  He  found  that  his  subjects 
modified  the  original  material  so  that  it  became  more  familiar  and 
coherent  to  them  and  that  this  increased  over  time,  although  a curtail- 
ing of  details  and,  thus,  a shortening  of  the  original  material,  often 
accompanied  the  modification.  His  subjects  also  provided  information 
that  allowed  him  to  classify  them  into  two  categories:  vlsualizers 
who  claimed  their  recall  was  based  on  visual  images  and  verbal izers 
who  claimed  to  rely  on  words  rather  than  images.  Although  visualizers 
tended  to  be  very  confident  about  their  recall  and  verbalizers  to  be 
diffident,  the  actual  recall  performance  of  these  two  types  did  not 
differ. 

Individual  Abilities  and  Problem  Perception 

The  existence  of  individual  abilities,  classified  into  cells 
by  Guilford,  found  some  corroboration  in  the  work  of  the  Russian 
psychologist,  Yakimanskya  (1971).  She  sought  to  determine  the 


relationship  between  the  processes  of  analysis,  synthesis,  and 
abstraction  and  their  relationships  when  pupils  read  a diagram.  In 
analyzing  students'  responses  to  the  task. 

Prove  that  the  bisectors  of  the  base 
angles  of  an  Isosceles  triangle  are 
equal, 

she  found  three  distinct  approaches  to  using  the  diagram. 


In  the  lowest  level  of  sophistication  of  the  analytic-synthetic  process, 
simple  imitation  or  tracing  of  lines  was  observed;  as  the  level  of 
sophistication  increased  some  cutting  away  of  the  figure  into  closed 
component  parts  appeared;  finally,  in  the  most  developed  use  of  the 
processes  observed,  a detailed  systematic  decomposition  of  the  figure 
into  all  possible  components  that  could  be  reassembled  to  fonr  the 
whole  occurred.  Some  subjects,  classified  in  this  stage,  used  a con- 
ceptual criteria,  such  as  all  triangles  or  rectangles  to  separate  the 
figure.  Most  students  had  difficulty  isolating  the  overlapping 
triangles  AEC  and  CDA.  For  these  students,  additional  cues  were  pro- 
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colored  lines.  However,  there  were  a few  students  who  could  isolate 
the  embedded  triangles  without  cues  or  additional  instruction.  Yaki- 
manskya  concluded  that  these  students  had  not  only  more  highly 
developed  abstraction,  analysis,  and  synthesis  processes  than  did 
the  others,  but  also  that  the  ability  to  disembed  was  not  a function 
of  Instruction,  rather  of  the  thought  processes  and  criteria  employed 
in  the  task  by  the  individual. 

Memory  of  Facts  and  Problem  Solution 

That  there  is  a need  for  knowledge  of  both  content  and 
processes  in  any  successful  problem-solving  situation  has  been  found 
by  several  researchers. 

Ivanitsyna  (1971)  investigated  the  relationship  between,  what 
she  called,  two  kinds  of  knowledge:  (1)  general  knowledge  of  the 
course  of  the  problem's  solution  so  as  to  construct  a plan  of  reason- 
ing, and  (2)  a definite  system  of  theoretical  knowledge  applicable  to 
a given  problem.  She  presented  data  on  13  students  who  solved  the 
following  problem: 

The  diagonals  of  a trapezoid  divide  it  into 
four  triangles.  Prove  that  the  triangles  on 
the  lateral  side  are  equivalent. 

The  time  to  solution  for  all  students  ranged  from  three  minutes  to 
forty  minutes.  Ivanitsyna  tells  us  that  one  of  her  subjects,  Peter  C., 
took  32  minutes  to  solve  the  problem  because  he  lacked  precise  knowledge 
of  the  facts  and  could  not  properly  isolate  the  problem's  requirement. 

He  confused  the  concepts  of  equal  and  equivalent  which  lead  him  to 
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look  for  similarity  of  triangles  rather  than  congruence  of  triangles 
and  he  recalled,  incorrectly,  the  "fact"  that  the  diagonals  of  a 
trapezoid  bisect  each  other.  Only  after  several  attempts  did  he 
actualize  the  formula  for  the  area  of  a triangle  and  solve  the  problem. 

Kantowski  (1974),  in  her  study  of  eight  above  average  geometry 
students,  found  that  conceptual  knowledge  is  in  fact  related  to  success 
in  problem  solving  but  that  it  interacts  with  other  factors.  She 
suggests  that  even  with  a minimum  amount  of  content  held  in  memory, 
other  factors  such  as  the  accurate  recall  of  the  content  and  the 
ability  to  use  certain  heuristics  may  be  important.  She  also  noted 
that  definitions  and  theorems  which  had  been  committed  to  memory 
were  easily  retrieved  for  use  in  the  solutions  of  problems  but  those 
forgotten  were  most  often  not  used  even  though  the  students  in  her 
study  were  given  reference  sheets  and  had  them  available.  However,  in 
some  cases  during  the  solution  of  problems  students  did  seek  out 
needed  definitions  and  theorems  even  though  they  did  not  recall  them 
on  a prerequisite  knowledge  test.  Kantowski  concluded  that  some 
"grounding"  in  content  or  retaining  of  knowledge  in  memory  may  be 
necessary  for  the  problem  solver  to  benefit  from  instruction  in 
heuristics.  She  also  suggested  that  studies  in  specific  content  areas 
be  undertaken  to  decide  if  some  optimal  amount  of  content  in  various 
areas  can  be  determined.  Hence,  in  this  study,  four  separate  content 
areas  of  the  instrument  used  to  assess  factual  and  conceptual  knowledge 
were  specified  and  considered  as  subtreatments  in  the  analysis. 


(1979)  studied 


alationship  between  conceptual 


knowledge  and  process  variables  and  its  affect  on  the  problem-solving 
scores  of  students  in  second  year  high  school  algebra.  He  found  that 
the  pretests  of  Mathematics  Achievement  and  Verbal  Reasoning,  represen- 
tative of  coneptual  knowledge,  accounted  for  50%  of  the  variance  in 
problem-solving  scores.  The  pretest  Pictorial  Representation,  repre- 
senting processes  related  to  drawing  or  using  figures,  accounted  for 
an  additional  13%  of  the  variance.  In  his  discussion  of  the  limita- 
tions of  the  study,  however,  he  indicated  that  the  Mathematics 
Achievement  tests  that  were  used  to  measure  conceptual  knowledge  were 
perhaps  too  general  and  not  a good  measure  of  the  prerequisite  knowledge 
needed  to  solve  the  problems  presented  to  the  37  students  in  the  study. 

In  the  present  study  the  measure  of  prerequisite  knowledge 
used  by  the  Geometry  Problem  Solving  Project,  NIE-G78-0225,  is 
analyzed.  The  Prerequisite  Facts  Test  was  constructed  to  contain  all 
factual  knowledge  necessary  to  solve  the  two  sets  of  six  problems  that 
comprised  the  problem-solving  inventories.  It  was  also  designed  to 
present  geometric  stimuli  on  the  same  content  in  both  verbal  and 
figural  modes. 

Concept  Formation  and  Use 

As  early  as  1947  the  Russian  psychologist,  Zykova  (1971),  sought 
to  determine  how  the  diagram  was  used  in  conuunction  with  the  logical 
elements  in  solving  geometry  problems,  as  well  as  how  the  mastery  of 


system  of  concepts  affected  their  solution. 
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conclude  that  students  tend  to  view  a problem  in  terms  of  a single 
concept  and  that,  in  fact,  recall  of  one  concept  that  is  appropriate 
to  the  figure  retards  or  hinders  recall  and  application  of  another. 

Her  example  is  that  of  the  concepts  of  vertical  angles  and  angles  having 
a common  vertex.  She  suggests  that  because  the  former  are  always 
formed  by  two  intersecting  lines  and  the  latter  by  taking  a point  and 
extending  half-lines  from  it  in  various  directions,  students  have 
difficulty  reinterpreting  vertical  angles  as  angles  having  a common 
vertex.  In  the  example  cited  earlier  of  the  stimulus  “A  central  angle 
is  measured  by  . . . students  may  not  interpret  it  as  a special  case 

of  the  general,  that  of  two  chords  intersecting  in  a circle,  and  yet 
complete  it  with  a response,  albeit  incorrect,  that  possesses  both  the 
property  of  well-formedness  and  surface  structure. 

Zykova  later  addressed  the  issue  of  concept  formation  via 
the  use  of  exemplars  (1971).  She  determined  that  students  manifest 
a preference  for  figures  drawn  upright  but  explains  what  happens 
in  the  stimulus-response  chain  differently  from  Artemov.  She  main- 
tained that  students  have  this  preference  because  they  are  Instructed 
both  by  textbooks  and  teachers,  always  displaying  the  diagram  in  the 
standard  upright  position.  This  lack  of  exposure  to  a variety  of 
figural  orientations  can  lead  to  the  assumption  of  incorrect  or 
irrelevant  attributes  in  the  formative  stages  of  the  figure-class 
concept. 

Fisher  (1977)  also  found  that  students  have  a preference  for 
figures  drawn  upright.  She  surveyed  the  perceptual  literature  which 
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indicated  that  people  tend  to  stress  properties  of  vertical  lines  and 
symmetry  about  a vertical  axis  when  asked  to  perform  tasks  of  identi- 
fying and  recalling  figures.  Her  study  was  conducted  with  sixth  graders, 
eighth  graders,  and  college  students:  four  instructional  formats 
were  designed  to  provide  different  experiences  with  figure  orientation. 
One  of  the  instructional  treatments  never  used  the  upright  position, 
yet  the  group  involved  in  this  treatment  as  well  as  the  other  three 
groups  preferred  the  vertical  and  tended  to  shift  a figure  to  this 
upright  orientation.  She  concluded  that  regardless  of  their  instruc- 
tional experiences,  students  emphasize  the  upright  orientation  of 
figures. 

These  three  studies,  though  different  in  focus,  point  to  the 
importance  of  the  instructional  process.  If  Fisher  is  correct  in  her 
conclusion,  then  exposure  to  various  figural  orientations  will  not 
hinder  student  learning.  If  the  investigations  by  Artemov  and  Zykova 
more  accurately  describe  what  happens  when  students  form  concepts,  then 
it  is  crucial  to  vary  the  stimuli  within  the  concept's  limitations. 
However,  since  the  information-processing  model  of  cognition  postulates 
that  incoming  stimuli  are  perceived  and  organized  by  the  individual  in 
a manner  consistent  with  the  organization  of  already  existing  schemata 
in  memory,  Fisher's  findings  may  be  explained  by  the  effects  on  memory 
of  all  previous  exposure  to  figural  orientations,  not  to  an  independent. 


pnditioned  preference. 
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This  chapter  has  presented  an  information-processing  model 
of  cognition  in  which  the  components  interact  simultaneously  and 
continously.  Memory,  as  the  most  influential  component  of  the  model, 
was  emphasized  as  well  as  the  existence  of  separate  visual  and  verbal 
memory  systems.  A discussion  of  what  spatial-visualization  ability 
means  to  various  researchers  and  a theory  of  the  way  verbally 
presented  information  may  be  processed  were  also  included.  The 
importance  of  the  individual  learner  and  the  condition  of  his/her  own 
memory  system  were  reflected  in  the  function  of  the  perception  component 
through  which  a stimulus  or  task  first  enters  the  system.  Several 
studies  were  cited  that  support  the  position  that  there  is  a need 
for  memory  to  store  concise,  conceptual  knowledge  in  the  form  of 
stimulus-response  links  as  well  as  heuristics  to  aid  the  executor's 
decision-making  ability  in  the  problem-solving  process. 


DESIGN,  PROCEDURES, TANDEHETHODOLOGY 
Introduction 

Data  were  collected  for  the  Geometry  Problem  Solving  Project 
during  the  academic  years  1978-1980  from  students  who  attended  11 
different  high  schools  in  four  geographically  distinct  regions  of  the 
United  States.  The  Prerequisite  Facts  Test  (Appendix  A)  was  the  instru- 
ment of  conceptual  knowledge  administered.  As  such  it  served  as  a 
screening  device  for  the  Project  to  obtain  possible  candidates  for  the 
problem-solving  phases  of  its  Investigation.  The  completed  Prerequisite 
Facts  Tests  obtained  during  the  first  year  provided  information  for 
a pilot  study  analysis.  These  results  are  discussed  in  detail  in  a later 
section  of  this  chapter.  The  data  for  the  main  concern  of  this  study, 
the  recall  of  factual  information  from  memory,  were  obtained  during 
the  second  year  of  the  project's  investigation.  The  generation  of 
hypotheses  concerning  the  metacognitive  responses  given  to  factual 
knowledge  items  utilized  data  from  a sample  of  this  population. 

The  scores  achieved  on  the  Prerequisite  Facts  Test  were  con- 
sidered a measure  of  retention  since  students  were  surveyed  in  the  fall 
and  most  of  them  had  completed  a high  school  geometry  course  the 
previous  spring.  Authoritative  validity  of  the  instrument  was  estab- 
lished by  three  mathematics  educators,  all  of  whom  had  taught  geometry. 

It  was  concluded  that  the  individual  items  in  the  instrument  represented 
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the  content  covered  in  a one-year  high  school  mathematics  class  in 
Euclidean  geometry. 

This  chapter  includes  the  pilot  study  analyses,  as  well  as 
a discussion  of  the  instrument,  design,  procedures,  and  methodology 
used  in  the  study. 


The  Instruments 

The  Prerequisite  Facts  Test  (Appendix  A)  consists  of  76 
stimulus-response  items;  38  in  a verbal  mode,  and  38  parallel  items  in 
a figural  mode.  The  first  11  items  in  both  sections  deal  with  triangle 
and  rigid  motion  in  Euclidean  space;  the  next  9 items  with  similarity, 
parallelism,  and  dilation  transformations,  the  next  15  are  concerned 
with  circles  and  encompass  both  rigid  motion  and  transformation;  the 
last  3 items  elicit  the  formulae  for  the  area  of  a circle,  area  of  a 
square,  and  volume  of  a cube,  respectively.  Subsequently,  these  four 
content  areas  are  referred  to  as  items  from  Groups  I-IV,  respectively. 
Thus,  the  following  equivalencies  are  established; 


Rigid  motion 
Dilation  motion 
Circles 


II 

III 

IV 


Also,  each  item  in  the  Prerequisite  Facts  Test  asks  the  student  to 
choose  a response  that  best  describes  his/her  ability  to  recall  the 


information  requested  by  the  item.  The  categories,  developed  by 
Kantowski  (1974),  are 

1.  Recalled  immediately 

2.  Had  to  search  memory  or  think  it  out 

3.  Guessed 

4.  Knew  but  forgot 

5.  Do  not  remember  having  learned 

The  first  two  classifications  were  considered  possible  measures  of  what 
is  stored  in  long-term  and  working  memories;  the  third  category  was 
considered  a determiner  of  what  information  may  be  available  to  the 
individual  from  his/her  external  memory  system;  the  last  two  classifica- 
tions Indicate  either  that  the  information  never  reached  long-term 
memory  or  that  it  could  not  be  retrieved  due  to  the  unavailability  of  a 
coding  clue. 

In  an  attempt  to  accomodate  the  fact  that  students  are 
generally  presented  individual  coordinate  concepts  for  coding  and 
storage  in  memory,  the  Prerequisite  Facts  Test  included  several  items 
that  could  be  generated  from  a more  inclusive  concept.  For  example, 
items  24,  25,  26,  27,  30,  31,  and  32  were  included  as  seven  different 
statements  of  the  superordinate  concept  dealing  with  chords  (secants, 
tangents)  intersecting  inside  (or  outside)  a circle.  Other  items 
Included  in  the  Prerequisite  Facts  Test  took  into  account  various 
solution  paths  a student  could  follow  in  solving  the  nonroutine  prob- 
lems contained  in  the  project's  task  problems.  For  example,  one  of  the 


task  problems  was  stated; 
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Chords  5C  and  BF  of  circle  0 interesect 
at  E so  that  OE  3 FT.  Chord  Aff  is 
drawn.  If  AE  » 6 an,  find  the  length 
of  SF 

This  problem  could  be  solved  using  similar  triangles,  congruent  triangles, 
or  by  a direct  application  of  appropriate  theorems.  The  number  of  items 
the  student  might  use  from  the  Prerequisite  Facts  Test,  in  each  case, 
is  seven,  eight,  and  two,  respectively.  Another  problem. 


could  be  solved  using  items  1,4,  5,  6,  and  7 from  the  Prerequisite 
Facts  Test.  The  three  mathematics  educators  who  established  authori- 
tative validity  of  the  instruments  concurred  in  judging  these  items 
appropriate  for  the  two  problems.  In  order  to  generate  hypotheses  for 
future  research,  solutions  to  the  above  two  problems  are  analyzed  for 
accuracy  of  factual  knowledge  and  the  associated  metacognitive  responses 
given  by  16  students  from  two  high  schools  in  Gainesville,  Florida. 


The  Geometry  Problem  Solving  Project  administered  Prerequisite 
Facts  Tests  to  students  at  nine  high  schools  in  three  different  regions 
of  the  United  States  during  the  1978-79  academic  year.  Five  of  these 
schools  are  located  in  the  greater  Miami  area.  Including  an  inner  city 
school  that  has  a population  almost  totally  composed  of  Hispanic  and 
minority  students;  three  of  the  schools  are  in  Hays,  Kansas,  and  one  is 
located  in  Gainesville,  Florida.  All  the  Prerequisite  Facts  Tests 


In  triangle  XYZ,  angle  XYZ  is  c 


The  Pilot  Study 


project  presented 
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administered  during  this  first  year  of  the 
verbal  stimuli  first  and  the  figural  stimuli  second.  A reliability 
analysis  produced  Kuder-Richardson  21  estimates  of  .79  and  .70  for 
the  verbal  and  figural  sections,  respectively. 

The  data  from  237  students  were  analyzed  as  a pilot  study  and 
produced  item  descriptions  of  the  form  shown  below: 


Hence,  area  A represents  the  number  of  students  obtaining  a correct 
response  to  the  item  when  the  presentation  was  verbal  but  an  incorrect 
response  to  the  same  item  when  the  presentation  was  figural;  area  C 
represents  the  number  of  students  who  obtained  a correct  response  to  the 
figural  presentation  and  an  incorrect  response  to  the  verbal.  Area  B, 
therefore,  contains  the  number  of  students  who  responded  accurately  to 
both  the  verbal  and  figural  presentations  and  the  region  outside  of 
both  circles  represents  the  number  of  students  who  gave  incorrect 
responses  to  both  the  verbal  and  figural  presentations.  Tables  1 to 
4 summarize  the  data.  Inspect  of  the  data  in  the  tables  suggested  the 
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Table  1.  Percentage  of  correct  responses  to  Group  I items  by 
category 


Verbal  Correct 
Item  and 

Number  Figural  Incorrect 


Figural  Correct 
Verbal  Incorrect 


Verbal  and 
Figural 
Both  Correct 


72 

10 


25 

22 

13 


20 


12 


44  51 

9 53 


=■  237 
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Table  2.  Percentage  of  correct  responses  to  Group  II 
category 


Item 

Number 


Verbal  Correct  Figural  Correct 

Flgural  Incorrect  Verbal  Incorrect 


12  2 10 

13  45  5 

14  4 6 

15  9 16 

16  11  24 

17  13  18 

18  5 3 


22 

27 


86 

34 


66 

36 

24 

92 

27 

32 


21 

22 

23 

24 

25 

26 

27 

28 

29 

30 

31 

32 

33 

34 

35 
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Percentage  of  correct  responses  to  Group  III  items  by 
category 


Verbal  Correct  Figural  Correct  Verbal  and 

and  and  Figural 

Figural  Incorrect  Verbal  Incorrect  Both  Correct 


86 


16 


17 

19 


17 


22 

22 

27 

41 


12 

20 

13 

25 

25 

22 

16 


20 


59 

33 


38 

5 

30 

44 


61 


39 


53 


Table  4.  Percentage  of  correct  responses  to  Group  IV  Items  by 
category 


Item 

Number 


Figural  Incorrect 


Figural  Correct 
Verbal  Incorrect 


Verbal  and 
Figural 
Both  Correct 
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1.  Some  content  areas,  such  as  Group  I items, 
are  more  likely  to  be  recalled  than  others, 
such  as  Group  III  items,  and 

2.  Accuracy  of  recall  of  content  areas  may  be 
differentially  affected  by  the  mode  of 
presentation  of  the  stimuli. 

Hence,  the  questions  posed  in  Chapter  One  concerning  mode  and  content 
of  recalled  information  were  restated  as  five  hypotheses  to  be  tested 
by  the  present  investigation  using  data  collected  during  the  second 
year  of  the  project,  1979-80. 

The  Present  Study 

The  data  used  for  analyses  in  the  present  study  were  obtained 
during  the  1979-80  academic  year,  the  second  year  of  the  Geometry 
Solving  Project's  investigation  into  the  use  of  heuristics  in 
problem  solving.  Eight  high  schools  agreed  to  participate  in  the 
study;  three  are  located  in  Hays,  Kansas;  one  in  Atlanta,  Georgia; 
two  in  Miami,  Florida;  and  two  in  Gainesville,  Florida.  Of  the  four 
private  schools  included,  two  are  all  male,  one  is  all  female,  and 
one  is  coeducational.  The  remaining  four  are  public,  coeducational 
schools.  All  schools,  with  the  exception  of  one,  have  students 
enrolled  from  various  socioeconomic  groups  and  races.  The  one  excep- 
tion is  the  private  coeducational  high  school  in  Gainesville,  Florida, 
whose  population  consists  mainly  of  a middle  or  upper-middle  class 
white  population.  However,  fewer  than  10S  of  the  subjects  are  from 


that  school . 
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The  cities,  high  schools,  and  students  that  comprise  the 
population  sample  in  this  study  are  as  follows: 


Hale  Female 


Hays.  Kansas 

Hays  High  School  29 

Marion  High  School  0 

Thomas  Moore  Preparatory  School  34 

Christopher  Columbus  High  School  33 

Rockway  Junior  High  School  14 

Atlanta,  Georgia 

Towers  High  School  10 

Gainesville.  Florida 
Oak  Hall  High  School  13 

Gainesville,  High  School  _]£ 


149 


28 

12 


14 


Thus,  complete  data  on  the  Prerequisite  Facts  Test  were  available  on 
240  students.  Data  on  the  factual  knowledge  items  were  compiled  by 
assigning  a 1 to  every  response  accepted  as  correct  and  a 0 to  others. 
Separation  of  the  scores  into  quartiles  placed  72  students  in  the  uppe 
quartile  population  with  a raw  score  of  56.  Analyses  were  run  once 
with  the  total  population  data  and  a second  time  with  data  from  this 
upper  quartile. 


The  hypotheses  for  this  study  were  generated  from  the  questions 
earlier  and  an  inspection  of  pilot  study  data.  They  are 

Hq1 : For  the  total  population,  there  is  no 
difference  between  the  total  mean  scores 
on  the  Prerequisite  Facts  Test  (PFT)  for 
the  Verbal  and  Figural  groups. 

H Z:  For  the  population  scoring  in  the  upper 
quartile,  there  is  no  difference  between 
the  total  mean  scores  on  the  Prerequisite 
Facts  Test  (PFT)  for  the  Verbal  and  Figural 
groups. 

H 3:  For  the  total  population,  there  is  no 

interaction  between  the  four  content  areas 
and  the  two  presentation  modes. 

H 4:  For  the  population  scoring  in  the  upper 
quartile,  there  is  no  interaction  between 

tion  modes. 

H 5:  For  each  of  the  content  areas  and  mode  of 
presentation  there  is  no  difference  in 
the  mean  scores  obtained  by  the  total  popu- 
lation and  the  population  scoring  in  the  upper 


To  minimize  any  possible  carry-over  effects  from  one  mode  of 
presentation  of  the  questions  to  the  other,  half  of  the  Prerequisite 
Facts  Tests  were  arranged  with  the  verbal  items  first  and  the  figural 
itans  second  while  the  other  half  were  arranged  with  the  figural  items 
first.  These  were  randomly  distributed  to  the  population,  forming 
two  random  groups.  Students  in  each  class  who  received  these  were 
designated  the  Verbal  and  Figural  groups,  respectively.  The  percentages 
of  accurate  responses  given  to  items  in  each  content  area  were  obtained 
and  compared  for  differences  by  the  construction  of  confidence  intervals 
and  t-tests  of  significance.  Descriptions  of  item  and  content  means 
for  both  populations  are  presented  in  the  next  chapter. 

The  study  utilized  a 2 (mode)  x 4 (content)  design  with  repeated 
measures  on  the  second  factor.  Split-plot  ANCVA  was  used  to  analyze 
the  data  for  the  whole  sample  and  the  population  whose  Prerequisite 
Facts  Test  scores  fell  in  the  upper  quartile  of  the  distribution.  In 
order  to  compensate  for  the  violation  of  assumptions  in  this  univariate 
analysis,  adjustments  to  reduce  the  degrees  of  freedom  were  made. 

In  this  study  there  were  240  students  in  the  population  surveyed 
by  the  Prerequisite  Facts  Test;  136  in  the  Verbal  group  and  104  in  the 
Figural.  The  design  and  part  of  the  ANOVA  table  showing  the  conven- 
rees  of  freedom  appears  thus: 


tional  and  adjusted  degr 
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Group  I 
Group  II 
Group  III 
Group  IV 


A similar  adjustment  was  made  in  computing  the  degrees  of  freedom  for 
the  F-tests  involving  the  upper  quartile  population  of  72.  F-tests 
were  performed  for  mode,  content,  and  mode-by-content  interactions 
using  the  conventional  and  adjusted  degrees  of  freedom  where 

r . MS  (A)  . _ MS  (B)  . r . MS  (A  X B) 

F ’ MS  (Error  A)'  F ’ MS  (Error  6)’  F MS  (Error  6) 

In  order  to  determine  the  influence  of  each  content  area  on 
total  score,  regression  equations  that  modeled  content  score  as  a func- 
tion of  total  Prerequisite  Facts  Test  score,  by  mode,  were  obtained. 

This  was  done  to  look  at  how  specific  content,  which  may  be  differently 
recalled  in  each  mode,  affects  performance  on  a test  of  factual 
knowledge  across  content  areas.  Tests  of  the  hypotheses  by  analyses  of 
variance  and  the  regression  equations  are  presented  in  the  next  chapter. 

Generation  of  Hypotheses  for  Future  Research 
A secondary  intent  of  the  study  was  to 
related  to  how  factual  knowledge  may  be  stored 


Split-Plot  Design 
rbal  Fiqural 


generate 


hypotheses 


staknowledge  of 


rate  content 


Data  Collection 

Sixteen  students  from  two  high  schools  In  Gainesville,  Florida, 
provided  data  that  were  examined  for  this  aspect  of  the  Investigation. 

One  of  the  schools  Is  a large,  public  high  school  in  which  students 
from  many  ethnic  backgrounds  are  represented.  The  other  is  a small, 
private  high  school,  largely  composed  of  an  upper-middle-class,  white 
population.  Both  of  the  schools  are  coeducational. 

The  16  students  were  among  those  who  participated  In  the 
problem-solving  phase  of  the  project’s  investigation.  Thus,  Prerequisite 
Facts  Test  data  as  well  as  their  solutions  to  two  task  problems  were 
available  for  Inspection.  The  Investigator  observed  these  students 
directly  while  they  were  engaged  in  the  problem-solving  process. 

Their  attemps  at  solution,  produced  while  "thinking  aloud,”  were 
audiotaped  and  subsequently  assigned  a value  from  0 to  4 based  on 
accuracy  and  completeness  of  solution. 

The  Problems 

Since  knowledge  of  some  factual  information  is  necessary 
condition  for  solution,  the  individual  items  on  the  Prerequisite  Facts 
Test  that  could  be  used  in  each  problem  were  graded  and  converted  to 
percentages  of  accurate  response.  The  two  problems  and  the  Prerequisite 
Facts  Test  items  needed  for  solution  follow. 
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Problem  1:  Chords  SC  andJSB  of  circle  0 intersect 
at  E so  that  DE  S EC.  Chord  AB  is 
drawn.  If  SE  * 6 cm,  find  the  length 
of  BE. 

Prerequisite  Facts  Test  items:  (1,  4,  5,  6,  7,  13, 
15,  22,  24,  26,  33} 


Problem  2: 


si  P7  ar 
t PR  S W- 


angle  XYZ  is  congruent 
and  Q are  points  taken 
jspectively,  such  that 


Prerequisite  Facts  Test  items:  {1,  4,  5,  6,  7} 

The  percentages  of  accurate  and  inaccurate  knowledge  that  were 
classified  in  categories  1 and  2,  "recalled  immediately"  and  "had  to 
search  memory,”  were  obtained.  Problem  solutions  were  scored  on  a 
0-4  continuum,  with  4 being  the  maximum  score.  Data  are  tabulated 
on  problem-solution  scores,  percentage  of  factual  knowledge  recalled 
accurately,  and  classification  of  the  responses  into  metacognitive 
categories,  for  each  of  the  two  problems.  The  accuracy  of  recall  of 
factual  knowledge  in  successful  and  unsuccessful  solution  attempts 
is  also  tabulated  and  presented  in  the  next  chapter. 

It  is  important  here  to  point  out  the  distinction  between  the 
populations  used  to  test  the  five  hypotheses  stated  in  the  study  and 
to  generate  hypotheses  for  future  research.  In  the  case  of  the  five 
stated  hypotheses,  the  complete  Prerequisite  Facts  Test  data  available 
on  240  students  from  four  different  regions  of  the  United  States  was 
used.  This  generated  an  upper-quartile  sample  size  equal  to  72,  which 
was  also  analyzed.  Hypotheses  for  future  investigations  were 
generated  using  the  Prerequisite  Facts  Test  data  as  well  as  the 


problem  solutions 


high  schools  in  Gainesville,  Florida. 

Complete  analyses  are  given  in  Chapter  Four. 


CHAPTER  FOUR 

DATA  ANALYSES  AND  RESULTS 

This  chapter  presents  the  results  of  several  analyses  of  the 
data.  Facilities  used  were  the  Northeast  Regional  Data  Center  of  the 
State  University  System  of  Florida,  located  on  the  University  of  Florida 
campus  in  Gainesville.  These  facilities  housed  the  computers  that 
processed  the  data,  the  Amdahl  470-V6/II  and  IBM  3033-N.  Programs  from 
the  Statistical  Analysis  System  (SAS)  and  Statistical  Packages  for  the 
Social  Sciences  (SPSS)  were  selected  and  used  with  the  Biomedical 
Package,  BMDP2V,  to  generate 

1.  KR-26  reliability  coefficients  for  all  content 
areas  of  the  Prerequisite  Facts  Test  within 
and  across  mode  of  presentation 

2.  Frequency  distributions,  histograms.,  and  per- 
centages of  correct  responses  to  each  of  the  76 
items  on  the  Prerequisite  Facts  Test 

3.  Total  mean  scores  for  both  verbal  and  figural 
modes  of  presentation  within  and  across  content 


4.  ANOVA  tables  that  compare  the  effect  of  stimuli 
mode  on  the  content  areas  consisting  of  items 
in  Groups  I-IV,  and 
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5.  Regression  equations  that  regress  each 


content  area  on  the  total  Prerequisite  Facts 


Test  score;  the  total  Prerequisite  Facts 
Test  score  reflects  responses  under  each  mode. 


To  insure  reliability  of  the  Prerequisite  Facts  Test,  KR-20  coefficients 
were  calculated  for  all  content  areas,  within  and  across  mode  of 
presentation.  These  are  reported  in  Table  5. 

The  major  concern  of  the  investigation  was  to  evaluate  what 
specific  factual  information  is  recalled  in  each  of  the  verbal  and 
figural  modes  of  presentation  by  both  the  total  sample  and  the  popula- 
tion consisting  of  those  students  who  scored  in  the  upper  quartile  on 
the  Prerequisite  Facts  Test.  Thus,  item  difficulties  were  calculated 
for  each  grouo.  Several  of  the  hypotheses  were  investigated  once 
using  the  total  sample  and  a second  time  using  those  students  in  the 
upper  quartile.  The  analyses  relevant  to  the  hypotheses  for  each  group 
are  reported  separately. 

Prerequisite  Facts  Test  required  a producation  response,  any  response 
that  was  accurate  was  considered  correct.  Item  9,  for  example,  shown 
here  in  both  modes  elicited  several  responses. 


An  exterior  angle  of 
a triangle.  . . 


Verbal 


5.  Reliability  coefficii 


Mode 

Verbal  Figural 


Group  I 

.715  -674 

Group  II 

.744  -592 

Group  III 

.885  -866 

Group  IV 

.601  -567 

Total 

.915  -890 

Note:  N = 

240 

sample  of 


esponses 
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included  the  following: 
...  is  the  supplement  of  the  adjacent  angle 


All  were  considered  correct  and  assigned  a value  of  1.  Thus  an  indi- 
vidual could  achieve  a maximum  score  of  76  on  the  Prerequisite  Facts 
Test:  38  from  the  Verbal  section  and  38  from  the  Figural. 

Analysis  of  Data  from  the  Total  Sample 
Item  Difficulties 

The  size  of  the  total  sample  analyzed  was  240:  136  in  the 
Verbal  group  and  104  in  the  Figural  group.  The  percentages  of  students 
responding  correctly  to  each  item  were  calculated  for  the  group  that 
responded  first  to  the  verbal  mode  and  for  the  group  that  responded 
first  to  the  figural  mode.  These  results  are  reported  for  the  four 
content  areas  in  Tables  6-9.  Frequency  distributions  and  histograms 
for  total  scores  in  the  four  content  areas  are  presented,  by  mode,  in 
Appendix  B. 

The  majority  of  items  from  Group  I,  Table  6,  appear  to  have  a 
greater  percentage  of  accurate  responses,  in  both  modes  of  presenta- 
tion than  the  items  from  Groups  II  and  III.  Also,  more  accurate 
responses  were  given  to  figural  stimuli  across  content  areas  than  to 
verbal  stimuli.  Item  1 is  an  exception  with  approximately  74*  of  the 
total  population  responding  accurately  to  the  verbal  presentation  and 
64*  to  the  f 


Table  6.  Percentages  of  correct  responses  to  items  from  Group  1 
in  the  total  population 


Item 


10 


80 

83 

68 

77 

82 

90 

55 

57 

60 


84 

85 
81 
84 
99 
91 
83 
90 


Table 

Item 

Number 

12 

13 

14 

IS 

16 

17 

18 


Percentage  of  correct  responses  to  items  from  Group  II 
in  the  total  population 


Mode 

Verbal 

(N  - 136)  


79 


91 

60 

52 

40 

93 


70 

43 

40 

92 

64 


21 

22 

23 

24 

25 

26 

27 

28 

29 

30 

31 

32 

33 

34 

35 


from  Group  III  ii 


68 


Percentage  of  correct  responses  to  items 
the  total  population 


51 

37 

57 

24 
26 

44 
57 
22 

45 
66 

25 
21 
51 


49 

50 
76 
26 
52 
60 
71 
44 
61 

30 

25 

37 


Table  9.  Perce 

ntages  of  correct  responses  to  items  from  Group  IV  in 
;ota1  population 

Item 

Number 

Mode 

Verbal  Flgural 

(N  - 136)  (N  ■ 104) 

36 

57  51 

37 

84  81 

38 

55  76 

Table  10.  Mean  percentage  of  correct  scores  within  mode  and 
in  the  total  population 


Content 

Mode 

Verbal  Figural 

(N  = 136)  (N  = 104) 

Group  I 
Group  II 

74  83 

63  72 

Group  III 

43  52 

Group  IV 

65  69 

70 


An  inspection  of  Tables  6-9  suggests  that  the  four  content 
areas  were  not  equally  well  recalled  by  the  total  population.  Group  I 
items  elicited  the  greatest  number  of  correct  responses;  Group  II 
less;  and  Group  III  items  the  least.  Of  the  three  Formula  items  only 
#37,  designed  to  elicit  the  formula  for  the  area  of  a square,  was 
responded  to  correctly  in  both  verbal  and  figural  modes  at  least  80X 
of  the  time.  Less  than  60S  of  the  population  knew  the  relationship 
between  a radius  and  the  area  of  a circle,  asked  for  in  item  #36,  in 
either  mode. 


Effect  of  Mode  and  Content 

Hypotheses  1 and  3,  restated  here  for  convenience,  formalize 
the  conjectures  about  the  relationship  between  content  areas  and  mode 
of  presentation. 

HI:  For  the  total  population  sampled,  there  is 
no  difference  between  the  total  mean  scores 
of  the  Verbal  and  Figural  groups  on  the 
Prequisite  Facts  Test  (PFT). 

H 3:  For  the  total  population  sampled,  there  is 
no  interaction betweenthe  four  content  areas 
and  the  two  presentation  modes  of  the  ques- 
tion stems  on  the  Prequesites  Facts  Test. 

Table  10  presents  the  means  and  standard  deviations  for  the  eight  cells 
of  the  design.  To  adjust  for  the  unequal  numbers  of  items  in  the 
content  areas,  subtests  were  scored  in  terms  of  percentages  of  items 
correct.  The  descriptive  statistics  in  the  table  refer  to  this  method 


71 


of  scoring.  Figure  2 
responses  to  the  cont 


ercentages  of  correi 


The  results  of  the  split-p 
s of  variance  are  presented  in  T 
int  effect  of  mode  and  content,  a 


design  and  the  corresponding  analy- 
e 11.  The  ANOVA  shows  a signifi- 
a nonsignificant  mode  by  content 


interaction.  The  marginal  means  for  the  verbal  and  figural  modes  wen 
61  and  71,  respectively.  Thus,  students  appear  to  perform  better 
under  the  figural  mode.  The  marginal  means  for  the  four  content  area: 
are  reported  in  Table  12.  A Bonferroni-Dunn  test  (Kirk,  1968),  using 
critical  value  of  2.6,  showed  that  only  the  items  from  the  content  an 
Groups  II  and  IV,  were  not  significantly  different  from  one  another. 


Analysis  of  Data  from  the  Upper  Quartile 
Item  Difficulties 

Of  the  240  students  surveyed,  72  scored  in  the  upper  quartile 
with  a raw  score  of  57  correct  responses  or  more.  Percentages  of 
accurate  responses  to  each  item  in  the  content  areas  were  obtained 
for  both  the  Verbal  and  Figural  groups  of  this  population.  These 
descriptive  statistics  are  presented  in  Tables  13-16.  Frequency  dis- 
tributions and  histograms  for  total  scores  in  the  four  content  areas 
are  given  in  Appendix  B. 

An  inspection  of  the  data  in  Tables  13-16  suggests  that  not 
all  content  areas  were  equally  well  recalled  by  this  population.  More 
correct  responses  appear  to  be  given  to  items  from  Group  I than  to 
any  other  content  area.  Items  from  Groups  III  and  IV  show  the  smallest 
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Group  I Group  II  Group  III  Group  IV 
Items  from  Content  Areas 


Figure  2.  Mean  percentages  of  correct  responses  to  content  areas  by 
mode  in  the  total  population 


Table  11.  Summary  ANOVA  table  ft 
in  the  total  populatit 


effect  of  mode 


content 


Content  1 
Content  * Mode  1 
Error  238 


Superscript  t denotes  conservative  degrees  of  freedom  for  the  content 
and  content  * mode  effects 


Table  12.  Marginal  means  for  the  four  content  areas 


Content 


Group  1 Group  II  Group  IV  Group  III 

78  67  67  48 


Table  13. 


8 

9 

10 

11 


Percentages  of  correct  responses  to  items  from  Group  I In 
upper  quartile  population 


Mode 


Verbal  Figural 

(N  = 38)  (N  = 34) 


84 

97 

100 


95 


79 

79 

97 

97 

100 

100 


100 

97 

100 


75 


Table  14.  Percentages  of  correct  responses  to  items  from  Group  II  in 
the  upper  quartile  population 


Item 

Number 


12 

13 

14 

15 

16 


18 

19 

20 


92 

95 

97 

92 

92 

74 


100 

87 

68 


100 

79 

100 


65 

82 

97 

88 

88 


76 


Table  15.  Percentage  of  correct  responses  to  items  from  Group  III  in 
the  upper  quartile  population 


21  ' 
22 

23 

24 

25 

26 

28 

29 

30 

31 

32 

33 

34 

35 


97 

95 

61 

82 

63 

58 

90 


92 

92 

55 

58 


97 

97 

77 

71 

91 

59 

82 

91 

97 

82 

94 

97 

65 

71 


Table  16.  Percentages  of  correct  responses  to  items  from  Group  IV 
in  the  upper  quartile  population 


Number 

Mode 

Verbal  Figural 

(N  = 38)  (N  = 34) 

36 

68  68 

37 

95  91 

38 

68  74 

Table  17.  Mean  percentage  of  correct  scores  within  mode  and  content 
in  the  upper  quartile  population 


Content 

Verbal  Figural 

(N  = 38)  (N  = 34) 

Group  I 

94  96 

Group  II 

39  88 

Group  III 

75  83 

Group  IV 

77  78 

Table  17  presents 


percentages  of  accurate  responses.  Table  17  presents  the  means  and 
standard  deviations  for  the  eight  cells  of  the  design.  Figure  3 is 
a graph  of  the  mean  percentages  of  accurate  responses  to  the  content 
areas  in  both  verbal  and  figural  modes  of  presentation  of  the  question 
stems.  The  marginal  mean  percentages  of  correct  responses  to  items 
from  Groups  III  and  IV  were  79  and  77,  respectively,  and  do  not  appear 
to  differ  from  each  other  at  all.  The  results  of  the  split-plot  design 
and  the  corresponding  analysis  of  variance  are  presented  in  Table  18. 
The  marginal  means  for  the  verbal  and  figural  modes  were  84  and  86, 
respectively.  The  preference  for  the  figural  mode  that  was  shown  by 
the  analysis  of  data  taken  from  the  total  population  does  not  seem 
evident  with  these  data. 


Effect  of  Mode  and  Content 

Hypotheses  2 and  4 formalize  some  of  these  conjectures  about 
the  data. 

H 2:  For  the  population  scoring  in  the  upper 
quartile,  there  is  no  difference  between 
the  total  mean  scores  of  the  Verbal  and 
Figural  groups  on  the  Prerequisite  Facts 
Test  (PFT). 

H 4:  For  the  population  scoring  in  the  upper 
quartile,  there  is  no  interaction  between 
the  four  content  areas  and  the  two  presen- 
tation modes  of  the  question  stem  on  the 
Prerequisite  Facts  Test  (PFT). 


100 


Figure  3.  Mean  per 


rcentage  of  correct  responses  t 
the  upper  quartile  population 


Table  18. 
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Summary  ANOVA  table  for  the  effect  of 
in  the  upper  quart! le  population 


content  areas 


Source  of 
Variation 


Sum  of 
Squares 


Mode  of  Stimul' 
Error 


Content 
Content  * Mode 


1.401  13.7S* 


.094  .92 

7.132 


*p  < .05 

Superscript  t denotes  conservative  degrees  of  freedom  for  the  content 
and  content  * mode  effects 


Table  19.  Marginal  means  for  the  four  content  areas 


Group  I Group  II  Group  III  Group  IV 

94  88  79 


81 


The  ANOVA  table  shows  a significant  effect  of  content,  as  well  as  a 
nonsignificant  effect  of  mode  and  mode  by  content  interaction.  Thus, 
the  students  in  this  upper  quartile  population  appear  to  respond  equally 
well  to  both  verbal  and  figural  stimuli.  The  marginal  means  for  the 
verbal  and  figural  modes  were  84  and  86,  respectively.  Since  there  was 
a significant  content  effect,  a Bonf erroni -Dunn  test  (Kirk,  1968)  was 
used  to  analyze  the  marginal,  across-mode,  means.  These  means  are 
presented  in  Table  19.  All  means  were  significantly  different  from 
each  other  except  for  those  from  Groups  III  and  IV. 

Interaction  of  Total  Prerequisite 
Facts  Test  Score  and  Mo~de 

Regression  analyses  were  conducted  to  investigate  whether  the 
differences  between  modes,  within  a content  area,  were  dependent  upon 
the  total  score  on  the  Prerequisite  Facts  Test.  The  total  Prerequisite 
Facts  Test  score  is  the  percentage  correct  score  obtained  on  all 
items  of  the  Prerequisite  Facts  Test.  For  each  content  area  the 
analysis  consists  of  regressing  the  content  score  on  the  total 
Prerequisite  Facts  Test  score  for  each  mode  group  and  comparing  the 
slopes  of  the  two  regression  lines.  Figures  4-7  present  the  regression 

are  shown  in  Tables  20-23.  Figure  4 indicates  an  interaction  between 
total  Prerequisite  Facts  Test  score  and  mode  of  presentation  of  the 
items  from  Group  I.  The  F value  of  4.95  from  Table  20  supports  its 
significance  at  the  .027  level.  If  we  concentrate  on  the  upper  quartile 


scores  of 


jisite  Facts  Test  in  Figure  4 we  notice 


82 


83 


II  dnojg  uo  sjoss  a6aiuaoJad  usaw 
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Table  20.  AHOVA  table  for  the  effect  of  mode  of  stimuli  and  total 
Prerequisite  Facts  Test  score  on  items  in  Group  I 


Source  of 

Variation  df 

Squares  Value 

Mode  of  Stimuli  1 

.166  10.89 

Total  1 

.481  359.21 

Total  » Mode  1 

.076  4.95* 

Error  236 

3.600 

Table  21.  ANOVA  table  for  the  effect  of  m 
Prerequisite  Facts  Test  score  o 

ode  of  stimuli  and  total 
n items  in  Group  II 

Source  of 

Variation  df 

Sum  of  F 

Squares  Value 

Mode  of  Stimuli 

.407  19.94 

Total  1 

.388  312.92 

Total  * Mode  1 

.283  13.88* 

Error  236 

4.818 

*p  < .05 

Table  22.  ANOVA  table  for  the  effect  of  mode  of  stimuli  and  total 
Prerequisite  Facts  Test  score  on  items  in  Group  III 


Mode  of  Stimuli  1 
Total  ' 
Total  * Mode  1 
Error  236 


.071 

13.679 

.011 


4.13* 

798.11 

.66 


Table  23.  ANOVA  table  for  the  effect  of  mode  of  stimuli  and  total 
Prerequisite  Facts  Test  score  on  items  in  Group  IV 


Mode  of  Stimuli  1 -°19  -22 
Total  1 3.736  42.76 
Total  Mode  1 -012  .14 


236 


quite  closely 


88 


regression  lines  approach  each  other 
Thus,  the  total  population  produces  more  correct  responses  to  items 
in  Group  I when  the  mode  of  presentation  is  figural;  the  top  scoring 
population  recalls  the  factual  knowledge  contained  in  items  from 
Group  I equally  well  in  both  modes. 

Figure  5 displays  a disordinal  Interaction  and  the  F value  of 
13.88,  from  Table  21,  corroborates  its  significance.  This  interaction 

Thus,  the  lower  scoring  population  produces  more  correct  responses  to 
items  in  Group  II  given  in  the  figural  mode  while  the  top  scoring 
population  reveal  no  differences  in  accurate  responses  to  both  modes 
of  presentation  of  the  stimuli. 

Figure  6 suggests  no  interaction  between  total  Prerequisite 
Facts  Test  scores  and  the  mode  of  presentation  of  items  in  Group  III 
and  Table  22  with  an  F of  .66  supports  this  conclusion.  Since  there 
is  no  significant  interaction  it  makes  sense  to  look  at  the  effect  of 
mode  of  presentation  which  is  significant  at  the  .043  level.  For  the 
total  population  and  the  population  in  the  upper  quartile,  a signifi- 
cantly higher  percentage  of  correct  responses  are  given  to  items  in 
Group  III  presented  in  the  figural  mode  than  in  the  verbal  mode. 

From  Figure  7 it  appears  that  an  Interaction  may  occur  between 
the  total  Prerequisite  Facts  Test  scores  and  the  mode  of  presentation  of 
items  in  Group  IV  but  the  AHOVA  information,  presented  in  Table  23,  with 
an  F of  .14  does  not  support  the  existence  of  an  interaction.  Neither 
is  there  a significant  effect  of  the  mode  of  presentation.  Thus,  even 
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though  the  analysis  produced  different  slopes  and  intercepts  for  the 
verbal  and  figural  regression  lines,  they  are  not  significantly  dif- 
ferent and  may  be  represented  by  virtually  the  same  line.  The  equation, 

Y * 26  + .65X,  describes  the  relationship  between  the  production  of 
accurate  responses  to  items  from  Group  IV  and  to  the  total  Prerequisite 
Facts  Test,  in  both  modes  of  presentation  of  the  question  stem. 

Difference  between  the  Total 

While  Hypothesis  5 may  appear  trivial  since  the  two  populations 
were  not  independent  and  the  total  Prerequisite  Facts  Test  score  was 
obtained  by  sumning  across  the  content-mode  areas,  it  was  still  of 
interest  to  know  how  different  these  scores  were.  Hypothesis  5 is 
restated  here: 

H 5:  For  each  of  the  content  areas  and 

modes  of  presentation,  there  is  no  dif- 
ference in  the  mean  scores  obtained  by 
the  total  population  and  the  population 
scoring  in  the  top  quartile. 

The  means  and  their  differences  are  shown  in  Tables  24  and  25.  While 
all  the  differences  in  mode  of  presentation  between  populations  are 
significant,  as  was  expected,  the  greatest  differences  again  appear  in 
the  items  from  Group  III.  The  total  population  produced  28%  more  accurate 
responses  when  the  presentation  mode  was  figural  than  when  it  was  verbal 
while  the  upper  quartile  population  showed  an  increase  in  correct  responses 
of  10%.  The  smallest  differences  between  the  two  populations  are  found  in 
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Table  24.  Mean  percentages  of  correct  responses  in  the  verbal 
for  the  total  and  upper  quartile  populations 


Content 

Upper  Total 

Quartile  Population 

Group  I 

94  74 

Group  II 

89  63 

Group  III 

75  « 

Group  IV 

77  65 

Table  25. 

Mean  percentages  of  correct  responses  in  the  figural  mode 
for  the  total  and  upper  quartile  populations 

Content 

Upper  Total 

Quartile  Population 

Group  I 

96  83 

Group  II 

88  72 

Group  III 

83  55 

Group  IV 

78  69 
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the  items  from  Group  IV.  Both  populations  were  able  to  produce 
approximately  the  same  percentage  of  accurate  responses.  Also,  the 
differences  are  decreased  in  the  figural  mode  of  presentation  compared 
to  the  verbal  mode  due  to  the  higher  figural  scores  across  all  content 
areas  by  the  total  population. 

The  descriptions  of  data  analyses  and  results  given  in  this 
chapter  thus  far  address  the  major  concern  of  the  study,  the  recal 1 
of  factual  knowledge  from  memory,  as  stated  in  the  five  hypotheses. 

The  remainder  of  Chapter  Four  presents  data  related  to  the  generation 
on  hypotheses  concerning  the  metacognitive  responses  produced,  the 
accuracy  of  factual  knowledge,  and  success  in  problem  solution  attempts. 

Other  Observations 
Accuracy  of  Recall  and  Metacoqnition 

The  data  were  examined  to  generate  hypotheses  concerning  the 
perception  of  accuracy  with  which  factual  knowledge  may  be  stored  and 
retrieved  from  memory  for  possible  use.  To  that  end,  metacognitive 
responses  given  by  a subsample  of  the  study  sample  were  tabulated  for 
inspection.  The  Prerequisite  Facts  Test  (Appendix  A)  included  five 
categories  from  which  students  chose  the  one  that  best  described  how  the 
response  was  generated.  The  first  two  categories,  "recalled  immediately" 
and  "had  to  search  memory  or  think  it  out"  were  considered  to  indicate 
that  the  information  was  perceived  as  accurately  recalled  from  memory. 
Sixteen  students  from  two  high  schools  in  Gainesville,  Florida  provided 
data  on  the  knowledge  recalled,  as  well  as  the  percentages  of  time  they 


16  students 


pated  in  a phase  of  the  Geometry  Problem  Solving  Project  that  Included 
the  solution  of  two  task  problems.  Their  solutions  were  audiotaped  by 
the  investigator  and  subsequently  assigned  a value  from  0 to  4 based 
upon  completeness  and  accuracy  of  solution.  These  students,  identified 
as  fl  to  f7  and  ml  to  m7,  are  grouped  according  to  which  of  the  two  high 
schools  they  attended.  The  data  are  summarized  in  Tables  26  and  27. 

For  all  students  the  percentages  of  correct  figural  responses 
were  equal  to  or  greater  than  the  percentages  of  correct  verbal  responses. 
When  the  categories  of  "recalled  immediately”  and  "had  to  search  memory" 
are  combined  we  see  that  all  students  but  one  correctly  answered  the 
items  and  knew  that  they  did.  Host  of  the  contribution  to  the  sum  of 
the  two  categories,  however,  comes  from  category  1.  M3,  the  student 
who  responded  with  the  least  amount  of  accurate  factual  knowledge  checked 
category  one  83*  and  71*  of  the  time  for  the  verbal  and  figural  modes, 
respectively. 

Of  the  nine  students  who  obtained  a solution  to  Problem  II 
(Table  27),  eight  responded  accurately  to  100*  of  the  items  in  either 
the  verbal  or  figural  mode.  The  two  students,  f3  and  f6,  who  had 
scores  of  40%  and  60*,  respectively,  on  the  verbal  items  responded 
correctly  100*  of  the  time  when  the  mode  of  presentation  of  the  item 
stem  was  figural.  They  did,  however,  note  that  all  the  correct  verbal 
items  were  perceived  to  be  accurately  recalled  from  memory. 

One  student,  m4,  was  very  quiet,  found  it  difficult  to  think  out 
loud  and  did  most  of  his  work  from  the  diagram.  He 
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95 


the  factua 


■fledge  needed  to  soli 


accurately  recalled  from  memory,  by  checking  categories  1 and  2 for 
both  verbal  and  visual  recall,  100%  of  the  time.  This  student  was  able 
to  solve  the  problem  with  no  help  at  all.  He  did  all  his  reasoning  while 
studying  the  diagram  yet  recalled  information  from  both  verbal  and 
figural  memories  with  100%  accuracy  and  100%  awareness  of  how  it  was 
recalled,  almost  always  immediately.  Seventy-five  percent  of  the 
students  accurately  recalled  at  least  62%  of  the  needed  factual  knowledge 
for  both  problems  in  either  mode.  All  but  one  indicated  that  this 
knowledge  was  either  recalled  immediately  or  sought  from  memory.  Hale 
3 had  relatively  low  conceptual  knowledge  scores,  46%  and  54%,  of  the 
verbal  and  figural  content  respectively,  but  felt  at  least  70%  sure  that 
he  knew  the  facts.  Even  with  this  minimum  amount  of  knowledge,  he  was 
able  to  employ  a strategy  that  allowed  him  to  successfully  solve 
Problem  I. 

Although  the  factual  knowledge  needed  to  solve  Problem  I is 
less  often  accurately  recalled  than  the  factual,  conceptual  knowledge  to 
solve  Problem  II,  75%  of  the  students  recalled  at  least  62%  of  the  needed 
factual  knowledge  for  both  problems.  Of  the  9 complete  solutions  and 
1 almost  correct  solution  to  Problem  II,  all  but  one  student  had  at  least 
80%  of  the  factual  knowledge  accurate  in  one  mode  or  another  and  knew 
that  they  did  100%  of  the  time.  Problem  I was  solved  completely  8 times 
and  nearly  completely  twice.  Of  the  8 correct  solutions,  all  students  but 
one  produced  at  least  a 77%  accurate  score  on  factual  knowledge  in  one 
other  and  knew  they  were  accurate  100%  of  the  time.  While 


mode  or  the 
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632  of  the  accurate  factual  items  were  perceived  to  be  accurately 
recalled  from  memory  in  correct  problem  solutions,  562  of  the  items 
recalled  accurately  were  classified  the  same  way  in  incorrect  problem 

For  all  students,  data  were  organized  into  percentages  of 
accurate  and  inaccurate  responses  given  to  the  factual  items  needed  for 
solution  of  the  problems  as  well  as  categories  of  metacognition. 

Categories  1 and  2 were  considered  descriptors  of  information  that 
was  perceived  as  accurately  recalled  from  memory;  categories  3,  4,  and 
5 were  considered  to  be  indicators  of  information  that  was  not.  These 
data  are  presented  in  Table  28. 

Sixty-nine  percent  of  the  items  were  accurate  and  perceived  to 
be  accurately  recalled  from  memory  compared  with  32  of  the  items  that 
were  responded  to  accurately  and  not  known  to  be  so.  It  appears,  however, 
that  an  inaccurate  response  is  about  as  likely  to  be  perceived  as 
accurately  recalled  from  memory  as  not,  112  versus  162. 

The  percentages  of  accurate  and  inaccurate  responses  and  catego- 
ries of  metacognition  were  tabulated  in  all  correct  and  Incorrect  problem 
solutions.  Solutions  graded  3 and  4 were  accurate  or  nearly  accurate  and 
considered  correct.  All  other  solution  scores  were  classified  as  in- 
correct. The  data  are  summarized  in  Tables  29  and  30.  Thus,  632  of  the 
responses  were  accurate  and  perceived  to  be  accurately  recalled  in  correct 
problem  solutions  compared  with  92  in  incorrect  solution  attempts.  In 
both  successful  and  unsuccessful  solution  attempts  a majority  of  the 
responses  given  are  perceived  to  be  accurate  whether  they  are  or  not. 


Mean  percentage  scores  of  factual  knowledge 
cognitive  categories  of  recall  from  memory 


Percentage  of  Facts 

Categories  of  Metacognition  Accurate  Inaccurate 

Perceived  as  accurately  recalled  69  11 

Not  perceived  as  accurately  recalled  3 16 


Table  29.  Mean  percentage  scores  of  factual  knowledge  items  and  mega- 
cognitive  categories  in  correct  problem  solutions 


Percentage  of  Facts 

Categories  of  Metacognition  Accurate Inaccurate 

Perceived  as  accurately  recalled  63  14 

Not  perceived  as  accurately  recalled  8 15 


Table  30.  Mean  percentage  scores  of  factual  knowledge  items  and  meta- 
cognitive  categories  in  incorrect  problem  solutions 


Percentage  of  Facts 


Cate^ories_jfJjetaco2nUion____ 
Perceived  as  accurately  recalled 


56 


Inaccurate 


Not  perceived  as  accurately  recalled  6 
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Some  hypotheses  generated  from  these  observations  that  should 
be  tested  in  future  research  studies  are  given  in  the  next  chapter. 


CHAPTER  FIVE 
SUMMARY  AND  CONSLUSIONS 


The  major  purpose  of  this  study  was  to  evaluate  what  specific 
facts  and  concepts  are  recalled,  both  verbally  and  figurally,  by  students 
who  have  completed  a one-year  course  in  Euclidean  geometry.  Since  its 
figural  nature  is  integral  to  geometry,  visual  memory  as  well  as  verbal 
was  called  upon  to  elicit  responses.  While  the  recall  of  visual 
material  tends  to  rely  on  verbal  coding,  visual  recognition  is  apparently 
not  affected  by  verbal  factors  (Rock  A Engel  stein,  1959).  This  could 
cause  an  interaction  between  verbal  and  figural  modes  of  presentation  in 
content  areas  as  accuracy  scores  on  a total  evaluation  instrument  increase. 
The  study  also  was  designed  to  examine  what  specific  factual  knowledge 
in  defined  content  areas  of  geometry  is  remembered  by  the  total  sample 
and  by  the  students  who  scored  in  the  upper  quartile  on  a test  of  factual 
knowledge.  To  this  end,  analyses  were  performed  on  both  groups  and  the 
results  compared. 

The  importance  of  accurately  remembering  factual  knowledge 
notwithstanding,  the  ability  to  reflect  upon  one's  own  knowledge  state 
and  accurately  judge  It  also  seemed  to  be  an  important  component  of  the 
problem-solving  process.  Kantowski  (1974)  had  shown  that  factual  knowledge 
that  was  remembered  was  more  apt  to  be  used  in  problem  solutions  than 
information  that  was  not,  even  though  students  had  reference  sheets  of 
concepts  available  to  them.  In  order  to  generate  hypotheses  for  future 
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research,  data  from  a subset  of  the  sample  were  examined  for  metacognitive 
responses  produced  to  accurately  recalled  factual  items.  Both  sets  of 
data,  accurate  knowledge  of  concepts  and  facts  as  well  as  an  awareness 
of  their  accuracy  in  memory,  were  tabulated  using  a subsample  of  16 
students  from  Gainesville,  Florida. 

Overview  of  the  Study 

Complete  data  were  available  on  240  students  from  high  schools 
in  four  different  regions  of  the  United  States:  Hays,  Kansas;  Atlanta, 
Georgia;  Miami,  Florida;  and  Gainesville,  Florida.  All  students  had 
been  administered  a test  of  prerequisite  factual  knowledge  (Prerequisite 
Facts  Test,  Appendix  A)  that  was  constructed  by  the  staff  of  the  Geometry 
Problem  Solving  Project  (GPSP)  and  included  both  verbal  and  figural 
question  stems.  The  content  represented  concepts  generally  covered  In  a 
one-year  course  in  high  school  geometry  which  all  the  students  had 
previously  completed.  Students  who  scored  in  the  upper  quartile  on  the 
Prerequisite  Facts  Test  were  among  those  invited  to  participate  in 
subsequent  problem-solving  phases  of  the  Project.  The  performance  of 
this  sample  on  the  Prerequisite  Facts  Test  was  also  analyzed  and  compared 
to  the  performance  of  the  total  sample  on  accuracy,  mode  of  presentation 

The  design  of  the  study  was  a split-plot  factorial  2 by  4 design 
since  there  were  two  modes  of  presentation,  verbal  and  figural,  and  four 
content  areas.  SAS,  SPSS,  and  BIOMED  programs  were  selected  to  generate 
all  the  analyses.  Detail  on  the  design,  methodology,  and  analyses  of  the 
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Mean  percentages  of  correct  responses  in  content  areas  were 
calculated  for  each  mode.  ANOVfl  tables  that  compare  the  effect  of  mode 
of  stimuli  on  content  area  means  and  regression  equations  that  model  the 
behavior  of  scores  in  each  content  area  as  a function  of  total  Prerequisite 
Facts  Test  scores  were  obtained  (Chapter  IV).  Data  on  accuracy  of  recall 
of  information  were  gathered  from  the  16  students  from  Gainesville, 

Florida  whom  the  investigator  observed  directly  while  they  solved  two 
task  problems. 

Discussion  of  the  Results 

For  the  total  sample  surveyed  in  this  study,  the  figural  mode  of 
presentation  of  the  question  stems  elicited  greater  percentages  of 
accurate  responses  than  the  verbal  on  the  total  Prerequisite  Facts  Test. 

The  sample  of  students  whose  scores  fell  in  the  upper  quartile  could 
produce  accurate  responses  to  both  verbal  and  figural  stimuli.  Thus, 
at  least  as  much  information  can  be  recalled  by  visual  presentations  of 
the  questions  as  by  verbal. 

While  higher  level  cognitive  processes  are  required  to  compose 
an  original  proof  or  solve  a problem  than  to  recall  factual  information, 
processing  data  for  both  tasks  in  a visual  mode  can  be  an  aid  in  obtaining 
an  intuitive  overview  of  the  solution  in  the  form  of  pictures  or  dynamic 
images.  The  verbal -deductive  processing  that  is  required  to  develop  a 
logically-sequenced  proof  is  sometimes  lacking  when  the  task  is  initially 
presented  to  an  individual.  The  mental  image  of  a flow  chart  that 
emphasizes  major  points  in  the  argument  is  often  first  envisioned  and 
subsequently  supported  by  logical -deductive,  verbally  presented  statements. 
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Thus,  while  the  recall  of  factual  knowledge  is  necessary,  albeit 
insufficient,  in  the  more  complex  task  of  problem  solving,  the  verbal 
and  visual  memory  banks  that  are  scanned  to  produce  factual  responses 
may  influence  and  direct  the  solution  paths  that  an  individual  pursues 

Of  the  four  areas  included  in  the  Prerequisite  Facts  Test, 
information  on  circles  and  their  properties  is  the  least  remembered. 

The  low  mean  percentages  of  43  and  52  (Tables  24  and  25)  indicate  how 
little  is  recalled  on  the  topic  by  the  total  population.  Even  the 
upper  quartile  sample  could  only  produce  mean  percentages  of  accurate 
response  of  75  and  83  for  the  verbal  and  figural  modes.  The  ANOVA  table 
(Table  22)  indicates  a significant  effect  of  mode  of  presentation  and 
total  Prerequisite  Facts  Test  score.  From  Figure  5,  it  is  clear  that 
the  figural  presentation  of  Group  III  items  elicits  more  correct  responses 
than  the  verbal  presentation  for  both  samples  considered.  Thus,  while 
the  more  global  analysis  across  content  areas  of  the  Prerequisite  Facts 
Test  indicates  that  the  upper  quartile  sample  responded  equally  well  to 
both  modes  of  presentation,  they  did  not  in  this  one  area  of  circle  items. 
Even  these  top  scoring  students  respond  with  more  factual  information  on 
circles  and  their  properties  when  the  question  is  presented  on  the  Iconic, 
figural  level.  Rigid  motion  and  dilation  motion  items,  on  the  other  hand, 
are  remembered  more  accurately  in  the  figural  mode  by  the  total  sample 
(Figures  3 and  4)  but  not  by  the  top  scoring  group.  Students  in  the 
upper  quartile  (Table  18)  recall  facts  and  concepts  from  these  two  content 
areas  in  both  modes.  Whether  the  stimuli  is  verbal  or  figural  makes  no 
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difference  in  the  accuracy  of  recall  of  these  facts  by  the  top  scoring 
group  but  not  for  the  total  sample. 

38.  They  elicit  the  formulae  for  the  area  of  circle,  area  of  square, 
and  volume  of  a cube,  respectively.  While  the  total  sample  produced  more 
accurate  responses  to  the  figural  presentation  of  the  stimuli  than  to  the 
verbal,  76*  versus  55*.  the  upper  quartile  sample  did  not.  They  recalled 
77*  and  78%  of  the  facts  in  the  verbal  and  figural  modes,  respectively. 

The  across  mode  marginal  mean  percentages  of  accurate  items  for  the  total 
sample  and  upper  quartile  sample  are  67  and  77,  respectively.  The 
relatively  low  percentages  of  accuracy  were  surprising  since  it  was 
assumed  that  students  who  completed  a one  year  course  in  high  school 
geometry  would  be  able  to  recall  such  elementary  formulae  as  area  and 
volume.  What  was  even  more  surprising  was  some  of  the  incorrect  responses 
given.  These  included  2vr,  2s,  and  3s  for  each  of  the  three  items  res- 

Imolications  for  Instruction 

From  the  data  in  this  study  some  recommendations  may  be  made 
for  instruction. 

Visual  Mode  in  Teaching  Geometry 

A question  naturally  arises  based  on  the  result  that  more 

verbal.  Should  strategies  and  textbooks  place  more  emphasis  on  this 
visual  dimension  in  instruction?  Those  who  believe  that  a component 
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of  geometry  belongs  to  the  visual  realm  and  that  an  emphasis  on  this 
component  will  help  develop  spatial  ability,  however  it  is  defined, 
will  answer  affirmatively.  Those  who  disagree  may  cite  the  logico- 
deductive  component  of  geometry  and  the  necessity  of  teaching  proof 
as  arguments  against  this  position.  Yet  instruction  in  geometry  in 
our  country  has  traditionally  stressed  this  aspect  to  little  avail  in 
the  students'  knowledge  of  facts  (Table  10)  or  their  ability  to  do 
proofs  (Kantowski,  1981;  Senk,  1982).  An  Implementation  in  the 
instructional  sequence  could  begin  with  the  visual-spatial  dimension 
of  geometry  and  culminate  in  the  logico-deductive  component  so 
necessary  in  proof.  A recent  text.  Geometry,  by  Alan  Hoffer  (1979) 
attempts  to  do  that  and  Burger  (1982),  who  teaches  from  it,  reports 
initial  success. 

Concepts  and  Metaconcepts 

It  was  clear  from  the  study  that  most  students  could  not  obtain 
subordinate  statements  of  fact  from  a more  inclusive,  superordinate 
concept.  For  example,  the  six  items  on  the  Prerequisite  Facts  Test, 
numbers  24,  25,  26,  27,  30  and  31  (Appendix  A)  produced  mean  percentages 
of  accurate  response  of  35  and  52  to  the  verbal  and  figural  presenta- 
tions, respectively.  The  percentages  of  of  accurate  responses  to  the 
individual  items  ranged  from  22-57  on  the  verbal  stimuli  to  26-27  on 
the  figural.  Yet  all  were  applications  of  the  more  general  concept 
relating  lines  (chords,  tangents,  secants)  intersecting  Inside 
(outside)  a circle  to  the  measures  of  arcs  that  subtend  the  angles 
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formed.  Instructional  techniques  that  organize  information  in  this 
more  general  and  inclusive  manner  minimize  the  number  of  facts  an 
individual  has  to  commit  to  memory  and  provide  the  student  with  a 
powerful  means  to  produce  the  particular  fact  needed  for  a given 
application. 

Circles  and  their  Properties 

The  data  from  this  study  provide  unequivocal  evidence  that 
factual  information  on  circles  and  their  properties  is  not  well  recalled 
by  students.  Only  43%  and  S2X  of  the  items,  in  the  verbal  and  figural 
modes,  respectively,  were  responded  to  accurately.  Many  books  place 
the  Information  so  far  ahead  in  the  text  that  teachers  do  not  always 
get  a chance  to  offer  it.  Since  this  topic  includes  the  concepts  of 
rigid  motion  (Euclidean  space)  as  well  as  dilation  motion  and  trans- 
formations (Affine  space),  less  instructional  time  could  be  given  to 
the  topics  of  triangular  items  and  similarity  and  parallelism,  indi- 
vidually, if  they  are  synthesized  in  the  study  of  circles  and  their 
properties. 

Suggestions  for  Future  Research 

From  the  results  of  data  analyzed  in  this  study  and  the  data 
examined  for  other  observations,  several  suggestions  for  future  research 
emerge. 

The  Content 

Data  from  the  complete  sample  of  240  analyzed  for  responses  on 
the  total  Prerequisite  Facts  Test  produced  more  accurate  responses 


figurally 


pbally.  However, 


both  the  total  population  and  the  upper  quartile  sample.  Items 
dealing  with  circles  were  recalled  by  the  upper  quartile  sample  just 
as  well  in  both  modes.  While  it  is  not  certain  that  verbal  memory  is 
being  accessed  by  figural  stimuli,  it  is  more  likely  than  if  the  stimuli 
were  verbal  (Paivio,  1974).  Other  evaluation  instruments  and  techniques 
should  be  developed  to  ascertain  the  relationship.  Future  studies  are 
needed  to  investigate  student  performance  on  items  in  each  content  area, 
by  mode,  and  determine  the  validity  of  items  in  both  modes  of  presenta- 
tion. 

Items  Dealing  with  Circles 

This  study  provided  evidence  that  not  much  information  on  circles 
and  their  properties  is  recalled  by  students  who  have  completed  a course 
in  high  school  geometry.  This  could  be  due  to  several  factors: 

1 . Students  may  never  have  encoded  the  concept  by  a 
label  that  would  allow  it  to  be  retrieved  from 

2.  Teachers  may  not  have  covered  the  topic  adequately, 

3.  Teachers  may  have  taught  the  topic  but  students 

Studies  are  needed  that  view  the  problem  from  both  instructional  and 
learning  orientations.  Metacognitive  categories,  similar  to  those  on 
the  Prerequisite  Facts  Test,  could  be  constructed  for  administration  to 
teachers  and  students  as  well  as  objective  factual  knowledge  items. 


Other  Mathematics  Courses 


While  the  figural  presentation  of  stimuli  produced  greater 
percentages  of  accurate  recall  than  the  verbal  in  the  present  study, 
this  could  have  been  due  to  the  visual-spatial  component  that  is 
inherently  a part  of  geometry.  Studies  in  other  areas  of  mathematics 
like  calculus  and  algebra  should  be  conducted  to  investigate  the  results 
of  instructional  techniques  that  employ  mainly  one  mode  of  presenta- 
tion or  another.  If  Gagne's  (1982)  position  that  learning  is  based  on 
whatever  organization  or  pattern  is  imposed  on  external  stimuli  is 
accurate,  then  performance  on  evaluation  instruments  will  reflect  the 
mode  of  instruction  Instead  of  an  unconditioned  response  that  is 
elicited  more  efficiently  by  the  figural  mode.  Longitudinal  studies 


Hypotheses  Generated  by  Other  Observations 

Tables  28-30  (p.  99)  contain  information  on  accuracy  of  recall 
and  metacognitive  responses  given  by  16  students  whom  the  investigator 
observed  directly  while  they  solved  non-routine  problems.  Inspection 
of  the  data  in  Table  28  suggests  that  accurate  factual  knowledge  recalled 

correct  assessment  than  not.  Sixty-nine  percent  of  the  item  responses 
were  accurate  and  judged  to  be  so  compared  to  11%  that  were  perceived 
to  be  accurate  but  were,  in  fact,  inaccurate.  Future  studies  could 
investigate  the  hypothesis  that  there  is  no  relationship  between  the 
accuracy  of  recalled  factual  information  and  the  learner's  perception 
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of  whether  the  information  is  accurate  or  not.  These  studies  should 
be  carried  out  using  several  different  topics  of  mathemtics  and  varied 
populations. 

The  data  in  Tables  29  and  30,  suggest  that  an  individual's 
metacognitive  awareness  of  the  accuracy  of  recalled  factual  information 
may  not  influence  his/her  success  in  problem  solving.  Sixty-three 
percent  of  the  accurate  items  were  thought  to  be  accurate  in  correct 
solutions  compared  to  56%  in  Incorrect  solution  attempts.  However, 
the  sample  of  16  students  produced  some  notable  exceptions.  For 
example,  one  student  had  low  content  scores  for  Problem  I but  he 
checked  the  first  two  categories  83%  and  71%  of  the  time.  With  the 
aid  of  hints  he  solved  the  problem  using  theorems  dealing  with  similar 
triangles.  He  needed  several  definitions  and  theorems  from  the 
available  hints  but  since  he  thought  he  knew  the  information  he 
persisted  to  get  the  correct  particulars.  Another  student  had  the 
same  content  scores  but  checked  categories  1 and  2,  50%  and  61%  of 
the  time.  She  nearly  reached  solution  but  could  not  adequately  apply 
the  factual  data.  Future  studies  could  investigate  more  closely  the 
possible  relationship  between  the  cognition  of  concepts-metacognition 
continuum  and  success  in  problem-solving.  If  the  hypothesis  that  there 
is  no  difference  between  the  scores  of  accurate  factual  knowledge  that 
is  perceived  to  be  accurate  in  correct  and  incorrect  problem  solutions, 
is  tested  and  not  rejected  it  would  support  the  growing  body  of  evidence 
which  indicates  a need  to  teach  processes  and  strategies  of  solutions 
as  well  as  factual  knowledge.  These  studies  should  be  Implemented 


using  different  areas  of  mathematics,  various  populations,  and  more  than 
one  level  of  item  and  problem  difficulty. 

Limitations  of  the  Study 

The  limitations  of  the  study  are  concerned  with  the  effective- 
ness of  the  Prerequisite  Facts  Test  to  assess  activity  in  appropriate 
memories,  the  time  constraint  under  which  the  instrument  was  administered, 
and  the  variances  of  some  variables. 

Although  the  question  stems  were  presented  both  verbally  and 
figurally,  these  dual  formats  might  not  have  accessed  the  desired 
memory  system  or  elicited  the  same  information.  Dual  coding  theory 
(Paivio,  1971)  indicates  that  it  is  easier  for  visual  stimuli  to 
initiate  activity  in  the  verbal  system  than  for  verbal  stimuli  to 
generate  responses  in  the  visual,  unless  the  verbal  stimuli  convey 
concrete  images.  Thus,  students  may  be  responding  with  more  accurate 
facts  and  concepts  in  the  figural  mode  than  in  the  verbal  because 
semantic  memory  is  accessed,  instead  of  visual,  by  the  figural  stimuli. 
Also,  while  the  question  stems  were  designed  to  be  parallel  and  elicit 
the  same  information  in  both  modes,  this  may  not  be  the  case  for  each 
item.  Item  1 (Appendix  A)  is  an  example.  The  percentages  of  accurate 
responses  in  both  modes  were  exceptions  to  the  responses  given  to  most 
other  items  in  the  group  dealing  with  rigid  motion  or  triangles  and 
their  properties.  This  could  have  been  due  to  the  production  aspect  of 
the  verbal  presentation  versus  the  recognition  and  recall  aspect  of  the 
figural.  If  two  or  three  ways  of  determining  triangle  congruency  were 


listed  in  the  verbal  section,  the  item  was  considered  correct  and 
assigned  a value  of  1.  However,  if  the  student  could  not  recognize 
the  angle-angle-side  (AAS)  relationship  or  disembed  the  overlapping 
triangles  in  the  figural  section,  the  item  was  assigned  a value  of 
zero.  The  inability  to  disembed  overlapping  triangles  was  recently 
observed  and  reported  by  Burger  (1982)  and  appears  to  support  the 
position  that  more  emphasis  may  be  needed  in  the  development  of  spatial 
skills  in  geometry  instruction. 

The  time  constraint  under  which  students  responded  to  the 
Prerequisite  Facts  Test  may  be  considered  a limitation  of  the  investi- 
gation. While  only  the  responses  to  questions  given  in  the  mode  they 
received  first  were  considered  In  the  analyses,  students  had  to  respond 
to  all  38  items  in  each  mode.  The  instruments  were  administered  during 
standard  50-minute  periods  with  some  time  allotted  for  roll  call, 
classroom  announcements,  introduction  of  the  project  member,  the 
reading  of  instructions,  and  dissemination  and  collection  of  the 
instruments.  After  class,  some  students  were  overheard  making  state- 
ments indicating  that  they  knew  what  an  item  was  asking  but  they  could 


The  analyses  that  produced  the  regression  equations  may  be 
subject  to  some  discussion  since  the  variables,  the  scores  obtained 
in  each  content  area  and  on  the  total  Prerequisite  Facts  Test,  were  not 


vhole  ir 


may  not  be  affected  by  each  content  area  exactly  in  the  way  described 
by  the  eight  regression  equations. 

Closing  Remarks 

If  Paivio's  dual  coding  theory  (1971)  applies  to  the  learning 
and  recall  of  concepts  that  have  easily  imagined  referents  like  house 
or  tree,  it  surely  applies  to  the  physical  entities  addressed  by  geometry. 
Indeed,  Morris  Kline  (1980)  quotes  Einstein  as  saying, 

It  is  certain  that  mathematics,  in  general,  and  geometry 
in  particular  owe  their  existence  to  our  need  to  learn 
something  about  the  properties  of  real  objects,  (p.97) 

Since  the  concept  represented  by  a concrete  word  can  be  remembered  both 
by  the  word  and  its  image,  it  is  more  likely  to  be  retrieved  from  long- 
term memory.  Perhaps  students  who  encode  geometric  concepts  in  both 
verbal  and  figural  modes  can  more  easily  recall  them  for  use  In  problem 
solutions.  Olson  (1974)  states. 

What  makes  a problem  spatial  is  not  its  surface  properties 
but  rather  the  structure  of  the  symbol  system  or  mental 
representation  employed  in  obtaining  the  solution,  (p.236) 

The  student  already  operating  in  the  figural  or  spatial  mode  by  searching 
long-term  visual  memory  for  facts  and  concepts  may  more  readily  approach 
a visual  problem  from  that  orientation.  Spatial  approaches  may  be  used 
in  problem-solving  attempts  when  the  semantic  system  is  not  sufficient 
to  process  the  information  or  when  the  information  contained  in  the 
problem  exceeds  the  limits  of  short-term  memory.  If  short-term  memory 
is  holding  for  processing,  all  the  conditions  given  in  a problem,  it 
may  need  the  assistance  of  visual  memory  to  attempt  a reorganization 


effect  a problem  solution. 


Every  teacher  has  encountered  students  who  indicate  that  they 
know  the  material  yet  are  never  able  to  use  it  in  a problem-solving 
situation  (Kantowski,  1974).  If  the  ultimate  goal  of  mathematics 
instruction  is  to  produce  competent  problem  solvers,  it  is  necessary 
to  look  at  the  process  in  its  beginning;  in  the  acquisition  of  the 
building  blocks  of  knowledge,  the  facts  and  concepts.  Without  some 
factual  knowledge  available  for  retrieval  from  long-term  memory, 
strategies  for  problem  solving  cannot  be  applied.  To  become  an 
efficient  problem  solver,  one  must  actively  engage  in  the  process. 

Yet  problems  do  not  exist  in  a vaccuum,  free  of  content. 

This  study  attempted  to  examine  what  specific  content  is 
recalled  by  students  and  also  to  extend  the  line  of  investigation  to 
look  at  some  metacognitive  components.  While  the  line  produced  should 
lead  to  the  use  of  strategies  in  problem  solving,  the  line  begins  with 
the  coding  and  recall  of  conceptual  knowledge  and  the  ability  of  the 
problem  solver  to  accurately  judge  the  size  and  condition  of  his/her 
own  information  processing  system. 
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PREREQUISITE  FACTS  TEST 
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APPENDIX  B 

FREQUENCY  DISTRIBUTIONS  AND  HISTOGRAMS 
OF  PREREQUISITE  FACTS  TEST  ITEMS 
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APPENDIX  C 

THE  TASK  PROBLEMS  TEST 
(TPT  1 AND  2) 
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TASK  PROBLEMS  TEST 


I die  bisector  .of  a 


Chores  AC  ana  BO  of  circle  0 Intersect  at  E so  that  5?  - 
If. 
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TASK  PROBLEMS  TEST  II  (TPT  II) 


JSlnH.  If  *60 


Chords  5C  and  IB  of  circle  0 intersect  in  E so  that  OE  ~ ~ 
Chord  AS  Is  drawn.  Show  that  triangle  AES  most  Isosceles. 

Siren  angle  EAC.  D Is  a point  on  JE  and  S is  a point  on  5B 
such  that  3B  “ SB  and  df  5B.  BB  and  B?  intersect  at  0. 


of  the  smaller  circle  is  d.5  cm,  find  the  length  of  the  line 
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